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Gravitational waves are truly transparent to matter in the Universe and carry the
information of the very early epoch. We show that the energy density spectrum of
the primordial gravitational waves has characteristic features due to the successive
changes in the relativistic degrees of freedom during the radiation era. Our calcu-
lations are solely based on the standard model of cosmology and particle physics,
and therefore these features must exist. Our calculations significantly improve the
previous ones which ignored these effects and predicted a smooth, featureless spec-
trum.
vi
Going back in time to the beginning of the radiation era, reheating of the Uni-
verse must have taken place after inflation for primordial nucleosynthesis to begin.
We show that reheating occurs spontaneously in a broad class of inflation models
with f(φ)R gravity (φ is inflaton). The model does not require explicit couplings
between φ and bosonic or fermionic matter fields. The couplings arise spontaneously
when φ settles in the vacuum expectation value (vev) and oscillates. This mech-
anism allows inflaton quanta to decay into any fields which are not conformally
invariant in f(φ)R gravity theories.
Applying the above method, we study implications of the large-N species so-
lution to the hierarchy problem, proposed by G. Dvali, for reheating after inflation.
We show that, in this scenario, the decay rates of inflaton fields through gravita-
tional decay channels are enhanced by a factor of N , and thus they decay into N
species of the quantum fields very efficiently. Without violating energy conservation,
cosmological consideration places non-trivial constraints on Dvali’s solution to the
hierarchy problem.
Going back in time still further, we study the period just before the beginning
of reheating, the era of coherent oscillation of scalar fields. We show that non-
Gaussian primordial curvature perturbations appear temporarily in the coherent
oscillation phase after multi-field inflation. We directly solve the evolution equation
of non-Gaussianity on super-horizon scales caused by the non-linear influence of
entropy perturbations on the curvature perturbations during this phase. We show
that our approach precisely matches with the so-called “separate universe approach”
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My research interest lies in the physics of the early universe and cosmology. The
focus of my dissertation project is to understand the complete thermal history of the
universe by filling the gap between theoretical physics and the observed universe.
Inflation is an indispensable building block of the standard model of cosmol-
ogy. Currently there are more than one hundred models of inflation in the literature.
Since different models are motivated by different theories of fundamental physics at
ultra-high energies, one can hope to learn a great deal about fundamental physics
by ruling out inflation models observationally. It is well known that the shape of the
power spectrum of primordial density fluctuations and the amplitude of primordial
gravitational waves (GWs) are powerful probes of the physics of inflation. One can
constrain inflation models by using the observed anisotropy of the cosmic microwave
background (CMB) radiation and its polarization.
Are there other ways of testing inflation? In my dissertation work, I have
studied gravitational waves, reheating, and non-Gaussianity of primordial fluctua-
tions as a probe of the physics of inflation.
Observed shape of the primordial GW spectrum. If one could directly
measure the shape of the power spectrum of primordial GWs over a wide range of
1
frequencies, it provides a way to probe both the physics of inflation and the entire
thermal history after inflation since GWs are truly transparent to matter contents of
the universe. In chapter 2, we calculate the primordial GW spectrum, fully taking
into account the evolution of the relativistic degrees of freedom and anisotropic stress
from neutrino free-streaming, and find characteristic features on the spectrum due
to various annihilation thresholds of elementary particles in the standard model
and its minimal supersymmetric extension [1]. Our work provides the most precise
calculation of the observed GW spectrum to date.
Reheating after inflation due to gravitational inflaton decay. To
start a hot Big Bang universe, reheating must have taken place after inflation. Yet,
the mechanism for reheating is not understood very well. In chapter 3 we show
that reheating of the universe occurs spontaneously in a broad class of inflation
models with f(φ)R gravity, where φ is the inflaton and R is the Ricci scalar [2].
The model does not require explicit couplings between φ and bosonic or fermionic
matter fields, and hence quite generic. The couplings arise spontaneously when φ
settles in the vacuum expectation value (vev) and oscillates, with coupling constants
given by derivatives of f(φ) at the vev and the mass of resulting bosonic or fermionic
fields. This mechanism allows inflaton quanta to decay into any light fields which are
not conformally invariant in theories with f(φ)R term. Non-minimal gravitational
coupling term, f(φ)R, shows up in any candidate theories of fundamental physics
which involve compactification of extra dimensions with the form of f(φ) depending
on models.
We calculate rates of decay processes and the resulting lower bound on the
reheating temperature from this mechanism. We argue that one must always check
that the reheating temperature in any inflation models with f(φ)R term is reason-
able, e.g., the reheating temperature does not exceed the critical temperature above
which too many gravitinos would be produced thermally. This mechanism also al-
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lows φ to decay into gravitinos through supergravity effects [3]. Both of these effects
should provide non-trivial constraints on f(φ), which are totally independent of con-
ventional constraints from the shape of the power spectrum of primordial density
fluctuations and the amplitude of primordial GWs. Indeed, we have shown that a
class of models with the large-N species (proposed by G. Dvali [4]) is significantly
constrained by this argument [5] (chapter 4).
Non-Gaussian correlations from multi-field inflation and coherent
oscillation phase. Non-Gaussianity (NG) of primordial fluctuations is a very hot
and active field of research in cosmology and particle physics today. While many
mechanisms for generating NG have been studied, NG from reheating after inflation
has been studied to much lesser extent. Very efficient and fast reheating, so-called
preheating, can happen during the coherent oscillation of the inflaton [6, 7]. Pre-
heating models require at least two interacting scalar fields, including inflaton, and
thus have two directions of perturbations. The perturbations parallel to the back-
ground trajectory are adiabatic modes, while those orthogonal are entropy modes.
It can be shown that entropy perturbations imprinted on a large scale can generate
adiabatic perturbations on the same scale.
Those generated adiabatic modes are non-Gaussian due to mode couplings if
non-linearity is important [8]. The previous work on NG from preheating used the
so-called δN formalism, coupled with the lattice simulation [9, 10]. They reported
considerably large NG. However, the validity of δN formalism has not been verified
for preheating. To clarify the situation, in chapter 5, we study the generation
mechanism of NG during the coherent oscillation phase. We find that temporarily
large NG is possible even without resonant interaction between scalar fields if the
coherent oscillation of the fields simply lasts long, although the net effect turns out
to be too small to observe due to various cancellations. We also clarify the issue by
comparing the δN formalism with directly solving the evolution equation of NG on
3
super-horizon scales in a simple two-field system. This shows that one can use the
δN formalism or the covariant and non-linear perturbation equations to study NG
from multi-field inflation, and possibly also from preheating.
In summary, through my Ph.D. dissertation, I have conducted theoretical
studies of inflationary cosmology, using GWs, gravitational decay of inflaton, and




Spectrum in the Standard
Model
2.1 Introduction
Detection of the stochastic background of primordial gravitational waves has pro-
found implications for the physics of the early universe and the high energy physics
that is not accessible by particle accelerators [11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
21, 22, 23, 24]. The basic reason why relic gravitational waves carry information
about the very early universe is that particles which decoupled from the primordial
plasma at a certain time, t ∼ tdec, when the universe had a temperature of T ∼ Tdec,
memorize the physical state of the universe at and below Tdec. Since gravitons de-
coupled below the Plank energy scale, the relic gravitons memorize all the expansion
history of the universe after they decoupled and thus would probe deeper into the
very early universe. Gravitational waves act therefore as the time machine that
allows us to see through the entire history of the universe. Another example of relic
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species is the cosmic microwave background (CMB) photons, which decoupled from
matter at T ∼ 0.3 eV and can trace the physical state of the universe back to 0.3
eV. On the other hand, the primordial gravitational waves carry information on the
state of the much earlier universe than the CMB photons do.
The purpose of this chapter is to study the evolution of primordial gravita-
tional waves through changes in the physical conditions in the universe within the
Standard Model of elementary particles and beyond. For instance, the quark gluon
plasma (QGP) phase to hadron gas phase transition causes a sharp feature in the
gravitational wave spectrum. The change of the number of relativistic degrees of
freedom affects the Hubble rate by reducing the growth rate of the Hubble radius
during the transition. Thus, the rate at which modes re-enter the horizon is changed
during the transition and a step in the spectrum appears at frequencies on the order
of the Hubble rate at the transition. For the QGP phase transition this frequency
is ∼ 10−7 Hz today and the correction is about 30% [25, 26]. Other large drops in
the number of relativistic degrees of freedom occur at electron positron annihilation
and possibly at the supersymmetry (SUSY) breaking. Since the gravitational wave
spectrum is sensitive to the number of relativistic degrees of freedom, one can search
for evidence of supersymmetry in the very beginning of the universe by looking at
the relevant frequency region (∼ 10−3 Hz). For energy scales lower than neutrino
decoupling (∼ 2 MeV [27]) we shall also account for the damping effect from neu-
trino free-streaming [28, 29, 30]. We show that a combination of these two effects
gives rise to a highly nontrivial shape of the gravitational wave spectrum.
The primordial gravitational wave spectrum will also provide us with in-
formation about inflation. The energy scale of inflation is directly related to the
amplitude of the spectrum. The modes which re-entered the horizon during the
radiation dominated epoch show a nearly scale invariant spectrum if we do not
consider the change of the effective number of degrees of freedom. Typically the
6
amplitude of the spectrum is of order 10−15 for 1016 GeV inflation energy scale in
such a frequency region. Inflation ends when the inflaton decays into radiation and
reheats the universe [31, 32, 33]. The energy scale of reheating could be seen from
the highest frequency end (∼ krh) of a nearly scale invariant energy density spec-
trum of the primordial gravitational waves. The lowest frequency mode observable
today corresponds to the horizon size today, and the interval between the lowest
frequency and krh would give the number of e-holdings, which tells us the duration
of inflation between the end of inflation and the time at which fluctuations having
the wavelength of the current horizon size left the horizon during inflation. The
slope of the spectrum provides the power-law index of the tensor perturbation, nT
[22, 21, 23]. nT = 0 corresponds to a scale invariant power spectrum from de Sitter
inflation. In a large class of inflationary models |nT | is not zero but much smaller
than unity, and its determination constrains the inflationary models. As the effect
of nT has been investigated by many authors, e.g. [20, 21, 22, 23, 34, 35], and is easy
to include, we shall assume de Sitter inflation (nT = 0) throughout this chapter.
Our result is general and easily applicable to any kind of models which produce
primordial tensor perturbations. (e.g. Ekpyrotic models [36]).
The primordial gravitational waves not only test and probe the physics of
inflation and reheating, but also can provide the tomography of the standard model
of particle physics and models beyond. The study of its spectrum enables us to
probe the very early universe in a truly transparent way. The goal of this chapter is
to show how the constituents in the early and very early universe would affect the
primordial gravitational wave spectrum, which is observable in principle and may be
observable in the future by the next generation observational projects, such as the
Big Bang Observer (BBO) proposed to NASA [37] and the DECIGO proposed in
Japan [38]. We present a new, rigorous computation of the primordial gravitational
wave spectrum from de Sitter inflation with the Standard Model of particle physics.
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It is easy to extend our results to non-de Sitter (e.g., slow-roll) inflation models.
The outline of this chapter is as follows. In Sec. 2.2, basics about the pri-
mordial gravitational waves from inflation are reviewed. In subsection 2.2.1 we give
analytical solutions of gravitational waves in some limiting cases. We define en-
ergy density of gravitational waves in subsection 2.2.2. The effect of neutrino free-
streaming on the spectrum is formulated and explained in subsection 2.2.3. The
numerical solution to the integro-differential equation is also presented. In Sec. 2.3,
a crucial quantity during radiation domination, the effective relativistic degrees of
freedom, g∗, is introduced and related to the primordial gravitational wave spectrum
in heuristic and intuitive manners to illustrate the underlying physics. In Sec. 2.4,
we give an improved calculation of the primordial gravitational wave spectrum in
the Standard Model, employing de Sitter inflation. In subsection 2.4.1 we give more
detailed analytical accounts of numerical solutions of gravitational waves when the
effective number of relativistic species changes. Our final results are summarized
in Figs. 2.7 and 2.8. In Appendix B.1 we give useful formulae for the Bessel type
functions.
Units are chosen as c = ~ = kB = 1 and
√
8πG is retained. Indices λ, µ, ν, . . .
run from 0 to 3, and i, j, k, . . . run from 1 to 3. Over-dots are used for derivatives
with respect to time throughout the chapter. Primes are mainly used for derivatives
with respect to conformal time, but sometimes with respect to arguments we are
focusing on. Barred quantities are unperturbed parts of variables.
2.2 Wave equation, power spectrum, and energy den-
sity
In this section we define the power spectrum, ∆2h(k), and relative spectral energy
density, Ωh(k), of the gravitational wave background. We do this because some
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authors use different conventions in the literature. For tensor perturbations on an
isotropic, uniform and flat background spacetime, the metric is given by
ds2 = a2(τ)[−dτ 2 + (δij + hij)dxidxj ], (2.1)
gµν = a
2(τ)(ηµν + hµν), (2.2)
where
ηµν = diag(−1, 1, 1, 1), h00 = h0i = 0, |hij |  1. (2.3)
Here and after we shall work in the transverse traceless (TT) gauge, which leaves
only the tensor modes in perturbations, i.e. hij,j = 0 and h
i
i = 0. In the linear
perturbation theory the TT metric fluctuations are gauge invariant 1. We shall
denote the two independent polarization states of the perturbation as λ = +,× and
sometimes suppress them when causing no confusion. We decompose hij into plane









where ελij is the polarization tensor and λ = +,×. The equation for the wave
amplitude, hλ(τ ;k) ≡ hλ,k, is obtained by requiring the perturbed metric [Eq. (2.2)]





;ν = 8πGΠij , (2.5)
1In classic references [39, 40], hij = 2HTij and Πij = p̄πTij for tensor perturbations, which are
automatically gauge-invariant.
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where Πij(t,x) is the anisotropic part of the stress tensor, defined by writing the
spatial part of the perturbed energy-momentum tensor as
Tij = pgij + a
2Πij , (2.6)
where p is pressure. For a perfect fluid Πij = 0, but this would not be true in
general. In the cosmological context, the amplitude of gravitational waves is affected
by anisotropic stress when neutrinos are freely streaming (less than ∼ 1010K) [28,
42, 43, 29, 30, 44, 45, 46]. As we only deal with tensor perturbations, hij , we may
treat each component as a scalar quantity under general coordinate transformation,
which means e.g. hij;µ = hij,µ. The left-hand side of Eq. (2.5) becomes
hij;ν











where Γ00ν = Γ
0
µ0 = 0, Γ
0
ij = δij ȧa, and ḡ
ij = a−2δij have been used. Commas denote
partial derivatives, while semicolons denote covariant derivatives in Eqs. (2.5) and











hλ,k = 16πGΠλ,k, (2.8)
where the Laplacian ∇2 in the second term of (2.5) has been replaced by −k2 in the
third term of (2.8). The second term represents the effect of the expansion of the









This is just the massless Klein-Gordon equation for a plane wave in an expanding
space with a source term. Thus, each polarization state of the wave behaves as a
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Next, let us consider the time evolution of the spectrum. After the fluctua-









∫ τ dτ ′
a2(τ ′)
, (2.11)
where A andB are integration constants. Ignoring the second term that is a decaying
mode, one finds that hλ,k remains constant outside the horizon. Note that we have
ignored the effect of anisotropic stress outside the horizon, as this term is usually
given by causal mechanism which must vanish outside the horizon. Therefore, one
may write a general solution of hλ,k at any time as
hλ,k(τ) ≡ hprimλ,k T (τ, k), (2.12)
where hprimλ,k is the primordial gravitational wave mode that left the horizon during
inflation. The transfer function, T (τ, k), then describes the sub-horizon evolution of
gravitational wave modes after the modes entered the horizon. The transfer function
is normalized such that T (τ, k)→ 1 as k → 0. The power spectrum of gravitational














Using equation (2.12), one may write the time evolution of the power spectrum as















We have used the prediction for the amplitude of gravitational waves from de-Sitter
inflation at the last equality, and Hinf is the Hubble constant during inflation. One
may easily extend this result to slow-roll inflation models.
The energy density of gravitational waves is given by the 0-0 component of





The relative spectral energy density, Ωh(τ, k), is then given by the Fourier transform
of energy density, ρ̃h(τ) ≡ dρhd ln k , divided by the critical density of the universe, ρcr(τ)











Note that Ωh(k) is often defined as Ωh(τ, k) =
∆2h,prim
12a2(τ)H2(τ)
k2 [T (τ, k)]2 = k2
12a2(τ)H2(τ)
∆2h(τ, k)
in the literature [22, 23, 34, 47]. This definition is not compatible with the 0-0 com-
ponent of stress energy tensor; however, it is a good approximation when the modes
are deep inside the horizon, k  aH. Let us briefly explain a relation between
these two definitions. The transfer function is usually given by Bessel type func-
tions, T (x) = 1xn [Ajn(x) + Byn(x)]. The conformal time derivative of the transfer
function is thus given by ddτ T (x) = − kxn [Ajn+1(x) +Byn+1(x)], where x ≡ kτ .
























Figure 2.1: The primordial gravitational wave spectrum at present, τ = τ0, as a
function of the comoving wavenumber, k (or kc in units of Hertz). The frequency of
gravitational waves observed today is related to k by f0 = kc/2π. The spectrum at
large wavenumber is exactly scale-invariant as we have assumed de-Sitter inflation.
In this figure we have not taken into account the effects of the change in effective








k2 [T (τ, k)]2, which agrees with
the definition of Ωh(k) in [22, 23, 34, 47]. The difference between Ωh and k
2∆2h would
affect the prediction only at the largest scales, where both the overall amplitude and
phases are different. (The phases are shifted by π/2.)
Figure 2.1 shows a numerical calculation of equation (2.18) for Ωm = 1−Ωr,
Ωrh
2 = 4.15 × 10−5, and h = 0.7. We ignored the contribution from dark energy,
which is only important at the lowest frequency regime that we are not interested
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in in this chapter. One may understand the basic features in this numerical result
as follows. Energy density of gravitational waves evolves just like that of radiation
inside the horizon, ρ̃h(τ, k) ∝ a−4, for k  aH. This implies that the relative
spectral energy density, Ωh(τ, k), inside the horizon remains independent of time
during the radiation era while it decreases as Ωh(τ, k) ∝ a−1 during the matter
era. Therefore, the modes that entered the horizon during the matter era later
would decay less. As the low frequency modes represent the modes that entered the
horizon at late times, Ωh(τ, k) rises toward lower frequencies. On the other hand,
Ωh(τ, k) at k & 10
−15 Hz is independent of k. These are the modes that entered
the horizon during the radiation era for which Ωh(τ, k) was independent of time.
After the matter-radiation equality all of these modes suffered the same amount of
redshift, and thus the shape of Ωh(τ, k) still remains scale-invariant at k & 10
−15 Hz.
These qualitative arguments may be made more quantitative by using the fol-
lowing analytical solutions of Ωh(τ, k) for three different regimes (see subsection 2.2.1
for derivation):





























where τeq is the conformal time at the matter-radiation equality, keq is the comoving






= − j2(x)x have been used to compute T ′(τ, k). (Spherical Bessel func-
tions are given in Appendix B.1.) The first solution [Eq. (2.19)] describes Ωh(τ, k)
during radiation era for the modes that entered the horizon before τeq. This solution
is of course not relevant to what we observe today. (We do not live in the radiation
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era.) The second [Eq. (2.20)] and third [Eq. (2.21)] solutions describe Ωh(τ, k) during
matter era for the modes that entered the horizon before and after τeq, respectively.
The k-dependent coefficients A(k) and B(k) are given in equation (2.30) and (2.31),
respectively. While the expression is slightly complicated, one can find that the
second solution is independent of k when the oscillatory part is averaged out, which
explains a scale-invariant spectrum at high frequencies, k > keq ∼ 10−15 Hz. On
the other hand, the third solution gives Ωh(τ, k) ∝ k−2, which explains the low
frequency spectrum.
Figure 2.1 (and its extension to slow-roll inflation which yields a small tilt
in the overall shape of the spectrum) has been widely referred to as the prediction
from the standard model of cosmology. However, as we shall show in the subsequent
sections, the standard model of cosmology actually yields much richer gravitational
wave spectrum with more characteristic features in it.
2.2.1 Analytical solutions of wave equation
In this subsection we shall discuss solutions of the equation of motion [Eq. (2.9)].
While we assume Πij = 0 in this subsection, we shall treat Πij 6= 0 in subsection
2.2.3. Imposing appropriate boundary conditions [48], one obtains simple analytical
solutions for tensor modes of fluctuations in the inflationary (de Sitter), radiation





























where α(k) is a stochastic variable satisfying 〈α(k)α∗(k′)〉 = δ3(k−k′), and spherical
Bessel-type functions are given in Appendix B.1. We classify wave modes by their
horizon crossing time, τhc;




> keq the modes that entered the horizon during RD: τhc < τeq
< keq the modes that entered the horizon during MD: τhc > τeq
,(2.25)
where τeq denotes the time at the matter-radiation equality, and τhc denotes the time
when fluctuation modes crossed the horizon, kτhc = 1. Notice that |hk(τ)|2 for each
solution (2.22) - (2.24) does not depend on time (≡ |hprimk |2) at the super-horizon
scale, |kτ |  1.
The tensor mode fluctuations from the inflationary universe left the horizon























(|kτ |  1), (2.26)
where Hinf is the Hubble parameter during inflation and τ = −1/(aHinf) is used






〈hijhij〉 = 2[〈|h+|2〉 + 〈|h×|2〉] = 4|h|2, where |h+,k| = |h×,k| ≡ |h| is assumed
[49]. From the Friedman equation during inflation, one obtains H2inf ≈ 8π3m2PlV (φ),
which gives ∆2h,prim ≈ 10V (φ)/m4Pl; thus ∆2h,prim is sensitive to the shape of inflaton
potential [22, 21, 23]. The dimensionless spectrum (2.26) is nearly independent k.
This is the famous prediction of the inflationary scenario known as a nearly scale
invariant spectrum. As long as we consider de Sitter inflation, the spectrum is
exactly scale invariant, i.e. ∝ k0 as φ is at rest.
Using the transfer function [Eq. (2.12)], we obtain the time evolution of the
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amplitude of gravitational waves as
T (τ < τeq, k > keq) = j0(kτ), (2.27)
T (τ > τeq, k > keq) =
τeq
τ
[A(k)j1(kτ) +B(k)y1(kτ)] , (2.28)





















Their conformal time derivatives are given as
T ′(τ < τeq, k > keq) = −kj1(kτ), (2.32)
T ′(τ > τeq, k > keq) = −
kτeq
τ
[A(k)j2(kτ) +B(k)y2(kτ)] , (2.33)




Eqs. (2.27) and (2.28) are the evolution of modes which entered the horizon during
the radiation era, while Eq. (2.29) is the evolution of modes which entered the
horizon during the matter era. Coefficients A(k) and B(k) are obtained by equat-
ing a solution (2.27) with (2.28) and their first derivatives [(2.32) and (2.33)] at
the matter-radiation equality. The transfer function for the intermediate regime,
Eq. (2.28), can be calculated numerically so that the two other limiting solutions
match smoothly (See Fig. 2.1). If the wavelength of the gravitational waves is much
shorter than the duration of the cosmological transition, a WKB approximation may
be appropriate [44, 50, 51]. Here we just assumed the instantaneous transition to
illustrate the main point. The analytical solutions as well as numerical solutions are
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presented and compared in Fig. 2.2 and 2.3. The higher k-modes enter the horizon

















Figure 2.2: Numerical solutions of tensor perturbations. The solid, dashed, and
short-dashed lines show the high, medium, and low frequency modes, respectively.
The higher k-modes enter the horizon earlier, and are damped more by the cosmo-
logical redshift. Vertical lines define the horizon crossing time for each k-mode.
2.2.2 The relative spectral density: Ωh(k)
Here we shall define the energy momentum tensor of gravitational waves following
the argument and the definition in §35.7 and §35.13 of [52]. The Ricci tensor for the
metric of the form given in Eq. (2.1) may be expanded in metric perturbations, h:






























Figure 2.3: Comparison between numerical solutions and analytical solutions of ten-
sor perturbations. The dashed and short-dashed lines show numerical solutions of
the high and low frequency modes, respectively. The higher k-modes enter the hori-
zon earlier, and thus the numerical solution is well approximated by the analytical
solution during the radiation era, χ(kτ) = j0(kτ) (solid line). On the other hand,
the lower k-modes enter the horizon much later, and thus the numerical solution is
close to the analytical solution during the matter era, χ(kτ) = 3j1(kτ)/kτ (dotted
line).
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For the vacuum field equation, Rµν = 0. As the Einstein equation is non-
linear, R̄µν is in general not linear in hµν . The linear term in Eq. (2.35) must obey
the vacuum equation,
R(1)µν = 0. (2.36)
This is an equation for the propagation of the gravitational waves, which corresponds
to Eq. (2.9) or more generally to Eq. (2.74) in the FRW universe. The remaining
part of Rµν may be divided into a smooth part which varies only on scales larger
than some coarse-graining scales,
R̄µν + 〈R(2)µν 〉 = 0, (2.37)
and a fluctuating part which varies on smaller scales
R(1)nonlinearµν +R
(2)
µν − 〈R(2)µν 〉 = 0, (2.38)
up to the second order in hµν . Here, R
(1)nonlinear
µν is defined by Eq. (2.38) and
represents the nonlinear correction to the propagation of hµν , Eq. (2.36), which
gives hµν → hµν + jµν , where jµν ∼ O(h2) [52]. Eq. (2.37) represents how the stress
energy in the gravitational waves creates the background curvature. The Einstein
equation in vacuum is then


















µν is a definition of the energy momentum tensor for the gravitational
waves and 〈 〉 denotes an average over several wavelengths. The importance of the
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effective energy momentum tensor is that it tells us how backreaction from energy
density of gravitational waves would affect the expansion law of the background
universe. Note that the effective energy momentum tensor defined by Eq. (2.40)
is different from that defined by the Neother current of the Lagrangian density,
TNeotherµν ≡ 2√−g
δS(2)
δgµν , where S
(2) is the second order perturbation in the Einstein-
Hilbert action. These definitions coincide only deep inside the horizon. Note also
that in the notation of [52], G = 1, but in our notation, ~ = c = 1, G = m−2Pl ,where
mPl is the Plank mass. Since 〈R(2)〉 = 0 [52],







where | is the covariant derivative with respective to background metric, ḡµν . Note
that we have employed the transverse-traceless (TT) gauge. In linear theory we
neglect higher order terms in the energy momentum tensor.
The energy density of gravitational waves, ρh, is defined by the 0-0 compo-
nent of the energy momentum tensor.





















where + and × denote two independent polarization modes and their propagation
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where Fourier transformation was done and h∗λ,k = hλ,−k in the last step. For
stochastic modes, the spatial average over several wavelengths, 〈 〉, is equivalent
to the ensemble average in k space;
〈h′λ,kh′λ′,k′〉 = (2π)3δλ,λ′δ(3)(k + k′)|h′λ,k|2, (2.45)











It is reasonable to assume that the primordial gravitational waves are un-
polarized, i.e. |h+,k|2 = |h×,k|2. Whenever we express the time evolution of some
quantities, it is convenient to express them in terms of the transfer function,T (kτ),






















Here, |hprimk |2 is the amplitude of gravitational waves outside the horizon, | kτ | 1,
during inflation. Well inside the horizon averaging over several periods, the leading
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term of [T ′(kτ)]2 is proportional to τ−2 ∝ a−2 during the radiation era and ∝ τ−4 ∝
a−2 during the matter era. Thus ρh ∝ a−4, which is consistent with the fact that
graviton is massless and thus relativistic.
It is common to define the relative spectral density as the normalized energy









where ρcr(τ) is critical density of the universe, and ρ̃h(τ, k) denotes energy density

















In this chapter, we shall evaluate this quantity exactly within the Standard Model
of elementary particles. For an analytical model, T ′(τ, k) is given by Eqs. (2.32) –
(2.34).
2.2.3 Collisionless damping due to neutrino free-streaming
In this subsection, we review the effect of collisionless particles on gravitational
waves. Treating relativistic neutrino gas by classical kinetic theory, the linearized
Einstein-Boltzmann equation (2.5) can be written as an integro-differential equation
(2.74). The derivation of this integro-differential equation is given in the literature,
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for instance [28, 43, 29, 30] for both scalar and tensor modes, [42] for scalar modes,
and will be reviewed briefly in this subsection.
At the temperature of ∼ 2 MeV, where neutrinos decoupled and became out
of equilibrium with photons, electrons, or positrons, the number of effective rela-
tivistic species is g∗(∼ 2MeV ) = 10.75.2 The free-streaming neutrino gas after their
decoupling satisfies the collisionless Boltzmann equation, i.e. the Vlasov equation,
dF (x, P )
dt
= 0, (2.52)
where F (x, P ) = F̄ (P ) + δF (x, P ) is a distribution function. The distribution
function of relativistic neutrinos is given by
F̄ (P 0) =
gν
eP 0/T + 1
, (2.53)
where gν denotes the number of helicity states for neutrinos and anti-neutrinos.
Here, P µ ≡ dxµdλ and P 0 =
√
gijP iP j , which is implied by the constraint for rela-
tivistic particles;
gµνP
µP ν = 0. (2.54)
Therefore, there are only three independent components of the momentum vector.
One can also relate P i with P0 = −P 0 as










where γi = γi’s are directional cosines and P
0 is the energy of neutrinos. We chose
positive sign convention for P 0 ≡ dtdλ . Note that δijγiγj = 1, and P i ≡ CγiP0, where
2We have assumed instantaneous decoupling of neutrinos, but this is not true in general.
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the coefficient, C, is obtained from Eq. (2.54);
0 = P0P
0 + a2P jP j + a2hijP
iP j ,
0 = −(P0)2 + a2C2P 20 + a2hijγiγjC2P 20 ,
1 = a2C2(1 + hijγ
iγj).
We consider tensor perturbations. Eq. (2.52) can be expressed as





















The last term is negligible in the linear perturbation theory, as ∂F
∂γi
is of the first
order in perturbations and γ̇i = − 12ahjk,iγjγk.
For the second term ∂F
∂xi























in the leading order, as F̄ does not depend on xi; thus, ∂F
∂xi
is a perturbation.
For the third term we use the geodesic equation,
dPµ
dλ







































P iP j , (2.61)
where g00 = −1, g0i = 0 were used from the second line to the last line. Up to the












where we have used Eq. (2.55) and neglected higher order terms. This equation
describes the change in the neutrino energy as it propagates in a FRW universe
with gravitational waves. The first term accounts for the redshift of energy due
to an isotropic expansion. The second term tells us that neutrinos lose energy if
∂hij
∂t > 0, or gain energy if
∂hij
∂t < 0 from gravitational waves. This energy flow
from neutrinos to gravitational waves causes collisionless damping (Fig. 2.4) and
amplification of gravitational waves. When integrated, the damping effect always
overcome the amplification effect.
Finally, by combining Eqs. (2.56), (2.58), and (2.62), the Vlasov equation
























γiγj = 0, (2.63)
where F = F̄+δF (t, xi, γi, P 0) and δF is a tensor type perturbation in a distribution
function of neutrinos. The zeroth order Vlasov equation merely gives cosmological
redshift, P 0 ∝ a−1, as explained above. Defining µ ≡ γiki/k and Fourier trans-







































Here, tensor harmonics Qλij(x) are solutions of the tensor Helmholtz equation;
Qλij|a




ij . They are symmetric, traceless, and






|j = 0, where γij ≡ a2ḡij and | denotes
the covariant derivative with respect to the spatial metric γ ij . Note that Fourier
transformation here is the generalization of Eq. (2.4) for arbitrary spatial geometry
of the universe. One can treat Qλij(x) as a plane wave in a flat geometry case.
Due to the existence of the second term on the left-hand side of Eq. (2.64), we
cannot solve this equation. Thus following [42], we introduce the comoving momen-
tum, qµ ≡ aP µ. Regarding F as a function of comoving energy, q ≡ q0, and confor-
mal time, τ , the third term in Eq. (2.56) may be replaced by dqdτ
∂F
∂q = −12qh′ijγiγj ∂F̄∂q
up to the linear order. Then the linearized Vlasov equation, ddτ F (τ, x












where fk = fk(τ, q, µ). One finds the solution of Eq. (2.67) as
fk(τ, q, µ) = e











where the prime on hk(τ) denotes the derivative with respect to the conformal time.
As there is no primordial tensor perturbations in the neutrino distribution function
before neutrino decoupling, fk(τνdec, q, µ) = 0.
The right-hand side of the linearized Einstein equation includes anisotropic











































































j2[k(τ − τ ′)]




Here, q̄i = aqγ
i and q̄i = a−1qγi, and ρ̄ν(τ) = a−4
∫
d3qqF̄ (q) is the unperturbed
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neutrino energy density, and a negative sign appears on the right-hand side of Eq.







































j2[k(τ − τ ′)]





















The integro-differential equation (2.74) was studied in [30, 44, 45, 46] in the cosmo-
logical context. Here we shall solve this equation numerically with all the Standard
Model particles participating in the cosmic thermal plasma. Anisotropic stress,
Πk, vanishes during the matter era, as fν → 0. Therefore, the damping effect is
unimportant during the matter era.
3In the references [30, 45], K[u] ≡ − sin u
u3
− 3 cos u
u4


















Following [30], we write



















where u ≡ kτ , and derivatives are taken with respect to u. After the end of
inflation,τend, the amplitude of cosmological fluctuations is conserved until the mode
re-enter the horizon, hλ(0) = hλ,k(τend). Note that the right hand side of Eq.(2.78)
disappears on the super horizon scales — neutrino free-streaming affects the tensor
metric perturbation only inside the horizon. The initial conditions are taken to be
χ(0) = 1, χ′(0) = 0. (2.79)
We solve Eq. (2.78) numerically by two steps; (i) we obtain a(τ) and a′(τ) from the
Friedman equation (2.85) with g∗(τ) in Sec. 2.3 [Fig. 2.6], and (ii) we solve Eq. (2.78)
with the scale factor that we obtained in the step (i) The numerical solutions as well
as analytical solutions are presented and compared in Fig. 2.4. The higher Fourier
modes enter the horizon during the radiation era, but after neutrino decoupling.
Thus they are damped due to the presence of the right-hand side of Eq. (2.78).
In order to estimate the damping effect, let us consider the radiation era after
neutrino decoupling. During the radiation era, a′(u)/a = 1/u, the analytical solution
is given by χ(u) = j0(u) in the absence of neutrino free-streaming in Eq. (2.78).
In the presence of neutrino free-streaming, the solution becomes asymptotically
(u 1)




where A = 0.80313 and δ = 0 are obtained from our numerical calculations. This
asymptotic solution is valid only for rather long wavelength modes which entered
the horizon well after the neutrino decoupling. The suppression factor A2 = 0.64502
applies to the gravitational wave spectrum of the modes that entered the horizon
after neutrino decoupling but before matter domination.
In order to understand the shape of the spectrum, Figs. 2.7 and 2.8, we need
to consider shorter wavelength modes as well. This may be understood as follows.
As we saw in Eq. (2.62), if the time derivative of the mode is negative (positive), the
mode is damped (amplified). Integrating the amplitude of gravitational waves over
time, the net effect of neutrino free-streaming almost always damps gravitational
waves. This is because the contribution is mainly from the first period of χ′(u), where
the first trough is larger than the first peak. Therefore, neutrino free-streaming
always makes gravitational waves damp regardless of their frequencies. Note that
this feature is generic to any kinds of free-streaming particles, but not realistic for
neutrinos as we mentioned in Sec. 2.4.
For extremely short wavelength modes which have already been inside the
horizon before neutrino decoupling, kτνdec  1 or k > 10−9 Hz, the suppression
becomes negligibly small; A→ 1, but the phase delay, δ, is non-zero. These modes
are undamped as positive and negative contributions of χ′ to the gravitational wave
energy cancel out each other after several periods of χ′. No net energy conversion
























Figure 2.4: Comparison between numerical solutions and analytical solutions of
tensor perturbations. The effect of neutrino free-streaming is included for numerical
solutions, but not for analytical solutions. The dashed and short-dashed lines show
numerical solutions of the high and low frequency modes, respectively. The higher
k-modes enter the horizon during the radiation era after neutrino decoupling, and
thus the numerical solution is damped by neutrino free-streaming compared to the
analytical solution, χ(kτ) = j0(kτ) (solid line). On the other hand, the lower k-
modes enter the horizon much later, and thus the numerical solution is closer to the
analytical solution during the matter era, χ(kτ) = 3j1(kτ)/kτ (dotted line).
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2.3 The effective relativistic degrees of freedom: g∗
It is often taken for granted that energy density of the universe evolves as ρ ∝ a−4
during the radiation era. This is exactly what caused a scale invariant spectrum
of Ωh(k) at k > keq. However, ρ ∝ a−4 does not always hold even during the
radiation era, as some particles would become non-relativistic before the others and
stop contributing to the radiation energy density.
During the radiation era many kinds of particles interacted with photons
frequently so that they were in thermal equilibrium. In an adiabatic system, the
entropy per unit comoving volume must be conserved [53];







The entropy density, s(T ), is given by the energy density and pressure; s = (ρ+p)/T .










respectively, where we have defined the “effective number of relativistic degrees
of freedom”, g∗ and g∗s, following [53]. These quantities, g∗ and g∗s, count the
(effective) number of relativistic species contributing to the radiation energy density
and entropy, respectively. One may call either (or both) of the two the effective
number of relativistic degrees of freedom. Equation (2.81) and (2.82) immediately
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imply that energy density of the universe during the radiation era should evolve as
ρ ∝ g∗g−4/3∗s a−4. (2.84)
Therefore, unless g∗ and g∗s are independent of time, the evolution of ρ would
deviate from ρ ∝ a−4. In other words, the evolution of ρ during the radiation era is
sensitive to how many relativistic species the universe had at a given epoch. As the
wave equation of gravitational waves contains (a′/a)h′λ,k, the solution of hλ,k would























Although the interaction rate among particles and antiparticles is assumed
to be fast enough (compared with the expansion rate) to keep them in thermal
equilibrium, the interaction is assumed to be weak enough for them to be treated
as ideal gases. In the case of an ideal gas at temperature T , each particle species of
a given mass, mi = xiT , would contribute to g∗ and g∗s the amount given by





(u2 − x2i )1/2
eu ± 1 u
2du, (2.86)





(u2 − x2i )1/2






where the sign is − for bosons and + for fermions.
Here, gi is the number of helicity states of the particle and antiparticle. Note
that an integral variable is defined as u ≡ E/T , where E =
√
|p|2 +m2. We
assume that the chemical potential, µi, is negligible. One might also define a similar







Table 2.1: Particles in the Standard Model and their mass and helicity states






























Figure 2.5: Evolution of the effective number of relativistic degrees of freedom con-
tributing to energy density, g∗, as a function of temperature. The solid and dashed
lines represent g∗ in the Standard Model and in the minimal extension of Stan-
dard Model, respectively. At the energy scales above ∼ 1 TeV, gSM∗ = 106.75 and
gMSSM∗ ' 220. At the energy scales below ∼ 0.1 MeV, g∗ = 3.3626 and g∗s = 3.9091;















Figure 2.6: Evolution of a′ as a function of the conformal time. If g∗ and g∗s were
constant, ρ ∝ a−4 and a′ would also be constant.
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where ζ(3) ' 1.20206 is the Riemann zeta function of 3. Each species would con-
tribute to g∗n by





(u2 − x2i )1/2
eu ± 1 udu. (2.89)
The effective number relativistic degrees of freedom is then given by the temperature-




























where we have taken into account the possibility that each species i may have a
thermal distribution with a different temperature from that of photons. The most





Tγ . Neutrinos are cooler than photons
at temperatures below MeV scale due to photon heating from electron-positron
annihilation.
Fig. 2.5 shows the evolution of g∗ as a function of temperature. We have
included all the particles in the Standard Model of elementary particles, as listed in
table 2.1. (Note that we assume that the mass of Higgs bosons is 114 GeV, which
is the current lower bound from experiments.) We neglected hadrons whose mass is
heavier than pions. In addition to the particles in the Standard Model, one may also
include particles in supersymmetric models. Superpartners in the minimal extension
of supersymmetric Standard Model (MSSM) would carry almost the same g∗ as that
carried by particles within the Standard Model. Fig. 2.6 shows the evolution of a′.
If g∗ and g∗s were constant, a′ would also be constant during the radiation era;
however, the evolution of a′ reveals a series of jumps due to the change in g∗ and
g∗s.
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Interactions between particles would change the ideal gas result obtained
above, and one cannot use equation (2.86), (2.87) and (2.90) to calculate g∗ or
g∗s. Instead, one needs to extract g∗ and g∗s directly from energy density and
entropy which would be calculated using detailed numerical simulations of particle
interactions. For example, above the critical temperature of Quark Gluon Plasma
(QGP) phase transition, most of g∗ is carried by color degrees of freedom. The
dominant correction therefore comes from the colored sector of the Standard Model,
whereas corrections from the weak charged sector are suppressed by the masses of
weak gauge bosons. Since physics of QCD correction is still uncertain and beyond
the scope of this chapter, we shall ignore this effect and treat it as an ideal gas case.
The effects of particle interactions on g∗ have been investigated by [27, 54, 55].
2.3.1 Heuristic argument based on background density
Before presenting the full numerical results, let us briefly describe how g∗ and g∗s
would affect the shape of Ωh(τ0, k). In Sec. 2.2, we discussed how the expansion
of the universe would affect Ωh(τ0, k). While energy density of the universe during
the radiation era is affected by g∗ and g∗s as ρcr ∝ g∗g−4/3∗s a−4, energy density
of gravitational waves always evolves as ρ̃h(τ, k) ∝ a−4 inside the horizon, k 
aH, regardless of g∗ or g∗s. (Gravitons are not in thermal equilibrium with other
particles.) This difference in the evolution of ρ̃h and ρcr significantly modifies a
scale-invariant spectrum of Ωh(τ0, k) at k > keq.
Let us consider a gravitational wave mode with k which entered the horizon
at a given time, τhc < τeq and temperature, T = Thc, during the radiation era. After
the mode entered the horizon the amplitude of this mode would be suppressed by
the cosmological redshift. The relative spectral density at present would then be
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given by








where Ωr denotes the relative energy density of radiation and the subscript “0”
denotes the present-day value. This equation helps us understand how g∗ and g∗s
would affect Ωh(τ0, k). For a given wavenumber, k, there would be one horizon-
crossing epoch, τhc. The amount by which the relative spectral energy density of
that mode would be suppressed depends on g∗ and g∗s at τhc. The mode that entered
the horizon earlier should experience larger suppression, as g∗ and g∗s would be larger
than those for the mode that entered the horizon later. (The effective number of
relativistic degrees of freedom is larger at earlier times — see Figure 2.5.) As g∗
and g∗s are equal for T & 0.1 MeV and nearly the same otherwise (g∗ = 3.3626
and g∗s = 3.9091 for T . 0.1 MeV), we expect that suppression factor is given by
(g∗/g∗0)−1/3 to a good approximation. The modes that entered the horizon during
the matter era should not be affected by g∗ or g∗s, as they do not change during the
matter era.
2.3.2 More rigorous argument using analytical solutions
In this subsection we derive equation (2.91) using a more rigorous approach. Let us











Note that we have suppressed the subscript for polarization, λ. To find a solution












































where the subscript “0” denotes some reference epoch during the radiation era.
(While “0” means the present epoch in the other sections, we use it to mean some
epoch during the radiation era in this section only.) To proceed further, we need to
specify the evolution of g∗ and g∗s. While we have numerical data for the evolution of
these quantities, we make an approximation here to make the problem analytically
solvable. Since g∗(τ) decreases monotonically as the universe expands, one may
try a reasonable ansatz, g∗ ∝ τ−6n, to obtain analytical solutions. We shall also
assume g∗ = g∗s and Πk = 0 for simplicity in this section. (At temperatures below
2 MeV, free-streaming of neutrinos generates anisotropic stress, Πk 6= 0. Also, the
temperature of neutrinos is different from that of photons below electron-positron












(1 + n) , (2.94)
where the primes denote derivatives with respect to τ , and the term n
τ20
(1 + n) has
been neglected in the last line, assuming τ  τ0. This form of a′′/a allows us to












where A(k) and B(k) are the normalization constants that should be determined by
the appropriate boundary conditions. Note that n = 0 and n = 1 correspond to the
solutions for the radiation era and the matter era, respectively.
Let us consider a model of the radiation-dominated universe in which there
was a brief period of time during which g∗ suddenly decreased as a power-law in
time, g∗ ∝ τ−6n. Outside of this period g∗ is a constant. Suppose that g∗ changed
between τ = τ2 and τ1 > τ2. (The change in g∗ began at τ = τ2 and completed at
τ1.) The modes that entered the horizon after τ1 do not know anything about the
change in g∗. The solution for such modes is therefore given by the usual solution
during the radiation era,
houtk (τ) = h
prim
k j0(kτ). (2.96)
How about the modes that entered the horizon before τ2? The solution for such
modes is given by
hink (τ) = h
prim




[A(k)jn(kτ) +B(k)yn(kτ)] (τ2 < τ < τ1), (2.98)







[C(k)j0(kτ) +D(k)y0(kτ)] (τ1 < τ). (2.99)
It is convenient to define τ∗ ≡ (τ1 + τ2)/2 and ∆τ ≡ τ1 − τ2 to characterize the
time of transition and its duration, respectively. Here, the superscript “in” denotes
the modes that have already been inside the horizon at τ∗, while “out” denotes the
modes that are still outside the horizon at τ∗. The coefficients, A(k), B(k), C(k),
and D(k), are given by Eqs. (2.105) – (2.108) in subsection 2.4.1. By taking a ratio
of equation (2.99) and (2.96), we can find the amount of suppression in hink (τ > τ1)
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relative to houtk (τ > τ1):
hink (τ > τ1)













where we have ignored the oscillatory part of y0(kτ)/j0(kτ). While C(k) and D(k)
have fairly cumbersome expressions, the sum of the two has a simple limit, [C(k) +
D(k)]2 → 1, for ∆τ → 0, regardless of the value of n (see subsection 2.4.1). The
energy density in gravitational waves then reflects the effect from the change of g∗
as
Ωinh (τ > τ1, k)
Ωouth (τ > τ1, k)
≈
[
hink (τ > τ1)





where we have used the sub-horizon limit for Ωh(k) and ∆τ  τ2 < τ∗ < τ1. On










≈ 1 + 6n∆τ
τ∗
. (2.102)









for ∆τ  τ∗. This result agrees with equation (2.91), which was obtained in the
previous section (Sec. 2.3.1) using a more heuristic argument. (Note that we have
assumed g∗ = g∗s in this section). In Eq. (2.91) there is an extra factor Ωr0, which
represents the time evolution of Ωh from matter-radiation equality to the present
epoch. We do not have this factor in equation (2.103), as both Ωinh and Ω
out
h are
evaluated during the radiation era.
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2.4 Prediction for Energy Density of Gravitational Waves
from the Standard Model and beyond
In Sec. 2.3 we have described how the evolution of the effective number of relativistic
degrees of freedom would affect the shape of relative spectral energy density of
primordial gravitational waves at present, Ωh(τ0, k). In this section we present the
full calculation of Ωh(τ0, k), numerically integrating the wave equation together with
the numerical data of g∗ and g∗s (see Figure 2.5).
Before we do this, there is another effect that one must take into account.
While we have ignored anisotropic stress on the right hand side of the wave equa-
tion (2.9) so far, free-streaming of relativistic neutrinos which have decoupled from
thermal equilibrium at T . 2 MeV significantly contributes to anisotropic stress,
damping the amplitude of primordial gravitational waves [30, 44]. Calculations
given in subsection 2.2.3 show that neutrino anisotropic stress damps Ωh(τ0, k) by
35.5% in the frequency region between ' 10−16 and ' 2× 10−10 Hz. The damping
effect is much less significant below 10−16 Hz, as this frequency region probes the
universe that is dominated by matter. One may understand this by looking at the
right hand side of Eq. (2.74). Anisotropic stress is proportional to the fraction of
the total energy density in neutrinos, fν(τ), which is very small when the universe
is matter dominated.
We show the results of full numerical integration in Figs. 2.7 and 2.8. The
latter figure is just a zoom-up of interesting features in the former one. We find
that Ωh(τ0, k) oscillates very rapidly as sin
2 (kτ + ϕ), where ϕ is a phase constant.
The cross term, sin kτ cos kτ , appeared as a beat in Fig. 2.1, while they are too
small to see in Fig 2.7. From observational point of view these oscillations will not
be detectable, as observations are only sensitive to the average power over a few
decades in frequency.
The damping effect due to neutrino free-streaming is evident below 2 ×
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10−10 Hz. We implicitly assumed an instantaneous decoupling of neutrinos from
the thermal plasma at Tν dec = 2 MeV, which resulted in the surface of decoupling
that is extremely thin. Physically speaking, however, the last scattering surface of
neutrinos is very thick, unlike for photons. (There is no “recombination” for neu-
trinos.) In principle, one would need to solve the Boltzmann equation for neutrinos
separately, including the effect of neutrino decoupling. Note that there was a minor
wiggly feature at around 5 × 10−10 Hz in [1]. Carefully evaluating the anisotropic
stress term, this wiggly feature does not exist.4 We have correctly reevaluated the
source term in Figs. 2.7 and 2.8.
The effect of evolution of g∗ and g∗s is also quite prominent. For example, big
changes in g∗ would occur at the electron-positron annihilation epoch, ∼ 0.51 MeV
(∼ 2 × 10−11 Hz), as well as at the QGP to hadron gas phase transition epoch, ∼
180 MeV (∼ 10−7 Hz) within the Standard Model. The gravitational wave spectrum
is suppressed by roughly 20% and 30% above the electron-positron annihilation and
QGP phase transition scale, respectively. If supersymmetry existed above a certain
energy scale, e.g., ∼ 1 TeV (∼ 1 × 10−4Hz), the spectrum would be suppressed
by at least ∼ 20% (for N=1 supersymmetry) above that frequency. We also find
additional features at the QGP phase transition scale, ∼ 10−7 Hz, similar to the
features at ∼ 5×10−10 Hz caused by our assumption about instantaneous decoupling
of neutrinos. The feature at the QGP phase transition is nevertheless not artificial
— as the QGP phase transition is expected to have happened in a short time period,
the instantaneous transition would be a good approximation, unlike for neutrinos.
One may approximately relate the horizon crossing temperature of the uni-
verse to the frequency of the gravitational waves [24, 57]. The horizon crossing mode,













0 , one obtains the following
4We thank S. Kuroyanagi for pointing this out. See Appendix C in the published version of [56].
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conversion factor from the temperature of the universe to the frequency of gravita-
tional waves observed today:











which was derived in [24, 57]. (If we take ε ≡ 12π in [57], their equation (156) agrees
with the one above.) Throughout this chapter we have been using the comoving
wavenumber, k (or kc in units of Hertz), which is related to the conventional fre-
quency by 2πf0 = kc/a0, where a0 is the present-day scale factor and c is the speed
of light. We use k in this chapter, rather than f0, as k is what enters into the wave
equation that we solve numerically.
2.4.1 Oscillation due to drastic change of g∗(τ)
In this subsection we explain the effect on the gravitational wave spectrum from
a sudden change in the number of relativistic species, g∗. To do this, we need to
calculate Ωouth (k2)/Ω
in
h (k1), where k2 6= k1. In Sec. 2.4 we have already seen the
numerical prediction of the gravitational wave spectrum. In subsection 2.3.2 we
provided the way to understand the relative suppression of gravitational waves at a
given k (= k1 = k2) with and without changes in g∗. We shall discuss in a similar
way what would happen to different Fourier modes, in order to fully understand
imprints of g∗ on the spectrum, such as oscillations, which are from cosmological
events that change g∗ instantaneously or drastically.
In Fig. 2.8 we find an oscillatory feature at around 10−7 Hz, which corre-
sponds to the mode entering the horizon at the QGP phase transition. At this energy
scale, ∼ 180 MeV, the effective number of relativistic species changes drastically,
giving a sharp feature and oscillation in Ωh. To understand this, let us consider the
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Figure 2.7: The primordial gravitational wave spectrum at present, Ωh(τ0, k)/10
−10,
as a function of the comoving wavenumber, k (or kc in units of Hertz). The frequency
of gravitational waves observed today is related to k by f0 = kc/2π. We have
assumed a scale-invariant primordial spectrum and Ωm = 1 − Ωr, Ωr = 4.15 ×
10−5h−2, h = 0.7, and Einf = 1016 GeV. We have included the effects of the effective
number of relativistic degrees of freedom and neutrino free-streaming. The dashed
line shows the envelope of the previous calculations which ignored the change in the


















 kc [Hz] 
e+e- ann.
ν free-streaming




Figure 2.8: A blow-up of Fig. 2.7. Note that density of vertical lines shows density of
sampling points at which we evaluate Ωh(τ0, k). The dashed line shows the envelope
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Figure 2.9: The oscillatory factor [C+D]2 with respect to t ≡ kτ1. The vertical line
indicates s ≡ kτ2 = 300 ≤ t and ∆τ ≡ τ1− τ2 = 0. The solid, dashed, short-dashed,
and dotted lines show n = 0, 1, 2, and 5 respectively. The factor, [C +D]2, takes on
unity at ∆τ → 0 regardless of n.
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experienced such a change of g∗ and its coefficients A,B,C, and D are




− 2sY1+√1+4n/2(s) sin s+ Y√1+4n/2(s)
(
−2s cos s+ (3 +
√
1 + 4n) sin s
) ]
,




− 2sJ1+√1+4n/2(s) sin s+ J√1+4n/2(s)
(
−2s cos s+ (3 +
√
1 + 4n) sin s
) ]
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− 2tJ−n−3/2(t) cos t
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Jn+1/2(s)(s cos s− sin s) + sJn+3/2(s) sin s
)
(cos t+ t sin t)(2.107)
+2
(
J−n−1/2(s)(s cos s− sin s)− sJ−n−3/2(s) sin s
)
(
−tJn+3/2(t) cos t+ Jn+1/2(t)(cos t+ t sin t)
) ]
,













Jn+1/2(s)(s cos s− sin s) + sJn+3/2(s) sin s
)









−tJn+3/2(t) cos t+ Jn+1/2(t)
) (
sJ−n−3/2(s) sin s+ J−n−1/2(s)(−s cos s+ sin s)
) )]
,
where s ≡ kτ2, t ≡ kτ1 and s ≤ t. Here, Jn(x) and Yn(x) are the Bessel function
and Neumann function, respectively. At this time, we are interested in different
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where ' denotes the subhorizon limit, ≈ denotes the asymptotic limit as kτ →large,
and → denotes the limit in ∆k ≡ k2 − k1 → 0. Eq. (2.109) tells us the exact
ratio between different k-modes. While we obtained only the suppression factor,
(τ2/τ1)
2n, in subsection 2.3.2, we now also obtain the oscillatory factor, [C + D]2.
Fig. 2.9 shows that the factor, [C + D]2, oscillates and takes on unity at ∆τ → 0
regardless of n. Here, n = 5 represents g∗ ∝ τ−30, which is an extremely drastic
change. This gives us a complete analytical account of the shape of Fig. 2.8.
2.5 Discussion and Conclusion
We have calculated the primordial gravitational wave spectrum, fully taking into
account the evolution of the effective relativistic degrees of freedom and neutrino
free-streaming, which were ignored in the previous calculations. The formalism and
results given in this chapter are based on solid physics and can be extended to
primordial gravitational waves produced in any inflationary models and high energy
particle physics models. As is seen in Figs. 2.7 and 2.8, the spectrum is no longer
scale invariant, but has complex features in it. Whatever physics during inflation
is, one must include the evolution of the effective relativistic degrees of freedom and
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neutrino free-streaming.
Schwarz [25, 26] studied the gravitational wave spectrum at the QGP phase
transition assuming the first order instantaneous model as well as the second order
cross-over model, and found 30% suppression of the energy density spectrum, which
is consistent with our calculation. Seto and Yokoyama [58] studied the effect of
entropy production from e.g., decay of massive particles in the early universe on
the energy density spectrum. We have not included this effect in our calculations,
as the late-time entropy production is not predicted within the Standard Model.
Boyle and Steinhardt [59] studied the effect of changes in the equation of state of the
universe on the energy density spectrum. While they included the effect of neutrino
free-streaming, they did not include the evolution of g∗. Instead, they explored
general possibilities that the equation of state might be modified by trace anomaly
or interactions among particles. They also considered damping of gravitational
waves due to anisotropic stress of some hypothetical particles. Our calculations
are different from theirs, as we took into account explicitly all the particles in the
Standard Model and the minimal extension of the Standard Model, but did not
include any exotic physics beyond that.
Let us mention a few points that would merit further studies. At the energy
scales where supersymmetry is unbroken (if it exists), say TeV scales and above,
the number of relativistic degrees of freedom, g∗, should be at least doubled, and
would cause suppression of the primordial gravitational waves (Fig. 2.8 for N = 1
supersymmetry). If, for instance, N = 8 is the number of internal supersymmetric
charges, ∼ 250 copies of standard model particles would appear in this theory. This
would suppress the spectrum by 85% at the high frequency region (above ∼ 10−4
Hz) compare to the Standard Model, though the details depend on models. Since
we still do not have much idea about a true supersymmetric model and its particle
rest mass, the search for the primordial gravitational waves would help to constrain
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the effective number of relativistic degrees of freedom g∗(T ) above the TeV scales.
In an extremely high frequency region, krh, the gravitational wave spectrum
should provide us with unique information about the reheating of the universe after
inflation. If the inflaton potential during reheating is monomial, V (φ) ∝ φn, the
equation of state during reheating is given by pφ = α(n)ρφ, where α(n) =
n−2
n+2 .
Since the equation of state determines the expansion law of that epoch, one obtains
the frequency dependence of the gravitational wave spectrum as Ωh ∝ k(n−4)/(n−1).
In an extremely low frequency region (below ∼ 10−18 Hz), on the other hand, dark
energy dominates the universe and affects the spectrum [60]. Acceleration of the
universe reduces the amplitude of gravitational waves that enter the horizon at this
epoch; however, we will not be able to observe modes as big as the size of the horizon
today.
The signatures of the primordial gravitational waves may be detected only
by the CMB polarization in the low frequency region, . 10−16 Hz. For the higher
frequency region, however, direct detection of the gravitational waves would be
necessary, and it should allow us to search for a particular cosmological event by
arranging an appropriate instrument, as the events during the radiation era are
imprinted on the spectrum of the primordial gravitational waves.
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Chapter 3
Reheating after Inflation with
f (φ)R Gravity
3.1 Introduction
Inflation is an indispensable building-block of the standard model of cosmology
[61, 53, 62], and has passed a number of stringent observational tests [63, 64]. Any
inflation models must contain a mechanism by which the universe reheats after
inflation [65, 66, 67]. The reheating mechanism requires detailed knowledge of in-
teractions (e.g., Yukawa coupling) between inflaton fields and their decay products.
Since the physics behind inflation is beyond the standard model of elementary parti-
cles, the precise nature of inflaton fields is currently undetermined, and the coupling
between inflaton and matter fields is often put in by hand. On the other hand, in-
flaton and matter fields are coupled through gravity. Of course the gravitational
coupling is suppressed by the Planck mass and thus too weak to yield interesting ef-
fects [61]; however, we shall show that the reheating occurs spontaneously if inflaton
is coupled to gravity non-minimally, i.e., the gravitational action is given not by the
Einstein-Hilbert form, R, but by f(φ)R, where φ is an inflaton field. Even if matter
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fields do not interact with φ directly, they ought to interact via gravitation whose
perturbations lead to Yukawa-type interactions. A similar idea was put forward by
[68], who considered preheating with a non-minimal coupling between matter and
gravity. Here, we do not consider preheating, but focus only on the perturbative
reheating arising from f(φ)R gravity. Therefore, we can analytically calculate the
resulting reheating temperature after inflation.
Why study f(φ)R gravity? There are a number of motivations [69, 70].
The strongest motivation comes from the fact that almost any candidate theories of
fundamental physics which involve compactification of extra dimensions yield f(φ)R
with the form of f(φ) depending on models. One illuminating example would be
string moduli with f(φ) ∝ e−αφ. Zee’s induced gravity theory [71] has f(φ) =
ξφ2, and renormalization in the curved spacetime yields other more complicated
higher derivative terms [48]. Classic scalar-tensor theories, originally motivated by
Mach’s principle [72], also fall into this category. It has been shown that inflation
occurs naturally in these generalized gravity models [73, 74, 75, 76, 77, 78, 79, 80,
81, 82], and the spectrum of scalar curvature perturbations [83, 84, 85] as well as
of tensor gravity wave perturbations [86, 87, 88, 89, 90] can be affected by the
presence of f(φ)R, thereby allowing us to constrain f(φ) from the cosmological
data. We show that limits on the reheating temperature (e.g., gravitino problem)
provide additional, totally independent constraints on f(φ). This argument opens
up new possibilities that one can constrain a broad class of inflation models from the
reheating temperature. Reheating in Starobinsky’s R2 inflation has been considered
by [91, 92, 82].
3.2 Reheating by non-minimal gravitational decay
Interactions between φ and matter stem from a mixing between metric and scalar
field perturbations through f(φ)R [69]. It is this “gravitational decay channel” from
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where Lm is the matter Lagrangian. Note that there is no explicit coupling between
φ (inflaton) and Lm. To guarantee the ordinary Einstein gravity at low energy, we
must have f(v) = M2Pl, where v is the vacuum expectation value (vev) of φ at the
end of inflation and MPl = (8πG)
−1/2 = 2.436 × 1018 GeV is the reduced Planck
mass. This Lagrangian satisfies the weak equivalence principle: φ does not couple
to matter directly, ∇µTµνm = 0. This, however, does not imply that inflaton quanta,
i.e., fluctuations around the vev, cannot decay into matter. The gravitational field







2 − gµνV (φ)
−(gµν2−∇µ∇ν)f(φ). (3.2)
Before reheating completes the energy density of the universe was dominated by φ;
thus, we treat Tmµν as perturbations. As usual we decompose gµν into the background,





[−2hµν +∇λ∇µhλν +∇λ∇νhλµ −∇µ∇νh
−ḡµν(∇ρ∇σhρσ −2h− R̄ρσhρσ)− R̄hµν ], (3.3)
where hµν ≡ ḡµλhλν and h ≡ ḡµνhµν .
Reheating occurs at the potential minimum of φ where φ oscillates about v.
We thus expand φ as φ = v+σ, where σ represents inflaton quanta which decay into
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matter fields. Treating σ as perturbations, one obtains the linearized field equation:
M2Pl
2
[−2hµν + · · · ] + f ′(v)(ḡµν2−∇µ∇ν)σ = Tmµν , (3.4)
where f ′(v) means ∂f/∂φ|φ=v. This equation contains both 2hµν and 2σ, and thus
wave modes are mixed up together. To diagonalize the wave mode we define a new
field as [69]







where the tilde denotes the operation defined by this equation, which essentially
corresponds to the infinitesimal conformal transformation. The inverse operation is







Using the harmonic gauge (analog of the Lorenz gauge) conditions, ∇λh̃λν = 0, one
can show that h̃µν indeed obeys the linearized field equation for the wave mode (see,
e.g., Eq. (35.64) in [52]; Eq. (10.9.4) in [41])




One may also impose the traceless condition on h̃µν to make sure that h̃µν describes
tensor (spin two) gravity waves, h̃ = −h − 4f ′(v)σ/M2Pl = 0, which relates a trace
part of the original metric perturbations to σ as h = −4f ′(v)σ/M2Pl. In this sense σ
describes the “scalar (spin zero) gravity waves”, which are common in scalar-tensor
theories of gravity. For generality we keep h̃ explicitly throughout the chapter.
We consider both fermionic, ψ, and bosonic, χ, fields as matter: Lm =
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Lψ + Lχ + Lint. First, let us write Lψ as
Lψ = −
√−gψ̄ [/D +mψ]ψ, (3.8)
where /D ≡ eµαγαDµ, eµα is a tetrad (vierbein) field, and Dµ ≡ ∂µ − Γµ is the
covariant derivative for spinor fields [41, 48]. Γµ is a spinor connection and Σ
αβ
are generators of the Lorentz group given by Γµ(x) ≡ −12Σαβeαλ∇µeβλ and Σαβ =
−Σβα = 14 [γα, γβ], respectively. Here α, β, . . . denote Lorentz indices while µ, ν, . . .
denote general coordinate indices. Note that we have not antisymmetrized the first
term in Eq. (3.8) to make the expression simpler. The antisymmetrized term yields
the same result. Note also that we shall ignore the existence of torsion.
We expand the tetrad and metric into the background and perturbations as
eµα ' ēµα − ēλαhµλ/2, and
√−g = ē + δe ' ē (1 + ḡµνhµν/2), respectively. The
Lagrangian becomes (with Eq. (3.6))















The terms that are proportional to h̃ may be set to vanish by gauge transformation.
Here we have used the background Dirac equation, ēµαγαDµψ = −mψψ, to obtain
the last term and ignored the second order terms as well as thermal mass induced
by quantum corrections in thermal bath [93, 94]. The last term in Eq. (3.9) is a





Therefore, σ can decay into ψ and ψ̄. Note that the Yukawa interaction vanishes
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when f ′(v) = 0 or mψ = 0, which is consistent with previous work [77]: as massless
fermions are conformally invariant, no peculiar effects can be caused by f(φ)R grav-
ity at the tree level. Quantum corrections such as a conformal, or trace, anomaly
might open additional decay channels.




























where we have used
√−g ' √−ḡ(1 − h̃/2 − 2σf ′(v)/M2Pl) and gµν ' ḡµν − h̃µν +
ḡµν h̃/2+ ḡµνσf ′(v)/M2Pl. Again, the terms that are proportional to h̃ may be set to
vanish by gauge transformation. For simplicity we assume that χ is a massive field
with self-interaction, U(χ) = m2χχ
2/2 + λχ4/4. The last term in Eq. (3.12) then
yields the following interactions:
√−ḡ[σf ′(v)/2M2Pl](2m2χχ2 + λχ4 + ḡµν∂µχ∂νχ).



















which will give a rate of σ decaying into two χs. To derive Eq. (3.13) we used
ḡµν∂µχ∂νχ = −χU ′(χ) + ḡµν∇̄µ(χ∂νχ), where ∇̄µ is the covariant derivative on the
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background metric, and estimated as σ∇̄µ(χ∂µχ) ≈ σm2σχ2/2. This estimation is
valid in the zero temperature limit (see [95] for the high temperature limit). While
the first term in Eq. (3.14) is absent when mχ = 0, σ can still decay through
the second term as minimally coupled massless scalar fields are not conformally
invariant.
What is the physical interpretation of these couplings? Through the field
mixing that can be seen in Eq. (3.5) the inflaton quanta are coupled to the trace
(spin zero) part of hµν , which describes the scalar gravity waves. The scalar waves
are then coupled to the matter fields. If inflaton quanta are at least twice as heavy
as ψ or χ, they decay into ψψ̄ or two χs.
In order to compute decay rates, one must canonically normalize fields.1







leading order, and thus σ̂ ≡ σ
√
1 + 32(f
′(v)/MPl)2 is the canonically normalized












The decay rates of σ → ψψ̄ from the last term in Eq.(3.9) and σ → χχ from



























where m2σ ≡ V ′′(v) and we have included suppression of decay rates due to thermal
mass, Cψ and Cχ, which are unity in the low temperature limit (T  mσ) in
which thermal mass is small, but can be quite small otherwise. The exact form
of C depends on how decay products are thermalized. Yokoyama has calculated
1We are grateful to N. Kaloper for pointing out importance of the normalization of σ fields.
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Cχ from thermalization due to ∆U = λχ
4/4: for T  mσ/
√
λ he finds Cχ =
λ/(8π2) for decay via σχ2 interaction [94] and Cχ = λ/(1024π
2) for σ(∂χ)2 (which
corresponds to the last term in Eq. (3.12); if this term dominates gχ is given by gχ =
f ′(v)λT 2/(2M2Pl) because of dominance of thermal mass,
√
λT , over the intrinsic
mass of χ) [95], while Cψ has not been calculated explicitly yet.
As usual we use the condition, 3H(t∗) = Γtot, to define the reheating time,
t∗, at which radiation begins to dominate the energy density of the universe. From








where the last equality holds if all the decay products interact with each other rapidly
enough to achieve thermodynamical equilibrium [93]. If some fraction of inflaton
energy density is converted into the species that never interact with the visible
sector, the reheating temperature may be lowered. g∗(Trh) is the effective number
of relativistic degrees of freedom at the reheating time. Since Γtot > Γσψ̄ψ + Γσχχ,






















where we have used Eq. (3.15) and (3.16) assuming for simplicity that decay products
are much lighter than σ (mψ, mχ  mσ), the reheating temperature is much smaller
than mσ (T  mσ), and therefore suppression due to thermal mass is unimportant
(Cψ = 1 = Cχ). Generalization to the other limits is straightforward. One may
















which provides non-trivial constraints on inflation models with f(φ)R gravity. Let
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us consider a non-minimal coupling model, f(φ) = M 2 + ξφ2, for instance (M2
is given by the condition f(v) = M 2Pl). We obtain |ξ|(1 + 6ξ2v2/M2Pl)−1/2 <
4π(40)1/4(Trh/v)(MPl/mσ)
3/2(g∗(Trh)/100)1/4, which provides a new constraint on
ξ, independent of the existing constraints from homogeneity and isotropy [76] and
curvature as well as tensor perturbations [86, 87, 88, 89, 90].
One may repeat the same argument by including other channels, e.g., de-
cay into two Abelian gauge fields via conformal anomaly and pair annihilation of
inflatons into two scalar fields. The decay rates are estimated in Appendix C and
Sec. 4.4, respectively.
Finally, let us show that one can obtain the same results by performing the












Hereafter we put hats on variables in the Einstein frame (E frame). We use Maeda’s









ĝµν∂µφ̂∂ν φ̂− V̂ (φ̂)
]
+ Lm, (3.20)
where R̂ is calculated from ĝµν , a transformed potential is given by V̂ (φ̂) ≡ Ω−4V (φ),
and a new scalar field, φ̂, is defined such that it has the canonical kinetic term. It
is related to the original field by dφ̂/dφ = MPl
√
1/f(φ) + 32 (f
′(φ)/f(φ))2. As φ̂ is
minimally coupled to R̂, there is no mixing between ĝµν and φ̂.
A transformed Lagrangian for ψ in the E frame is
Lψ = −ê ˆ̄ψ[( /̂D −
←̂−
/D )/2 + Ω−1mψ]ψ̂, (3.21)
where ψ̂ = Ω−3/2ψ, ˆ̄ψ = Ω−3/2ψ̄, êµα = Ω−1eµα, and ê = Ω4e. While no Yukawa
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interaction arises from the kinetic term, the mass term yields a Yukawa interaction:
−êmψ
Ω




Thus, Yukawa coupling constants agree precisely.








where χ̂ ≡ Ω−1χ and we have followed the procedure in [69] to define a “co-
variant derivative” and potential in the E frame as Dµ ≡ ∂µ + ∂µ(ln Ω), and
Û(χ̂) ≡ Ω−4U(χ), respectively. In the case of U(χ) = m2χχ2/2 + λχ4/4, the second

















to the linear order in σ; the last term agrees with the first term in Eq. (3.13). The
covariant derivative yields a coupling, −
√
−ĝχ̂ĝµν(∂µχ̂)(∂ν ln Ω). After integration











which agrees with the second term in Eq. (3.13) precisely.
One can calculate the other interaction terms such as σ2χ2, σ2ψ̄ψ, σ2(∂χ)2,
etc., with known coupling constants in the E frame easily. These interactions, whose
coupling constants are proportional to the higher order derivatives such as f ′′(v),
f ′′′(v), etc., actually dominate if f(φ) also has a minimum at the vev, f ′(v) = 0. We




their interaction rates. While we have ignored a parametric resonance (preheating)
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[7, 98, 99] entirely, it would be interesting to study how preheating might occur in
the present context.
3.3 Conclusion
In summary, we have presented a natural mechanism for reheating of the uni-
verse after inflation without introducing any explicit couplings between inflaton
and fermionic or bosonic matter fields. This mechanism allows inflaton quanta to
decay into any fields which are present at the end of inflation and are not confor-
mally invariant, when inflaton settles in the vacuum expectation value and oscillates.
Reheating therefore occurs spontaneously in any theories of f(φ)R gravity.
We have calculated the reheating temperature from this mechanism. We
argue that one must always check that the reheating temperature in any f(φ)R
inflation models is reasonable, e.g., the reheating temperature does not exceed the
critical temperature above which too many gravitinos would be produced thermally.
This mechanism might also allow φ to decay into gravitinos. How our mechanism
is related to an inflaton decay through supergravity effects [100, 101, 102] merits
further investigation. Both of these effects should provide non-trivial constraints on




and the Hierarchy Problem
4.1 Introduction
Gravity is 1033 times weaker than the weak force. Both forces involve seemingly fun-
damental constants: Fermi’s constant, GF = 1.17× 10−5 GeV−2 = (293 GeV)−2 ≡
M−2w , for the weak force, and Newton’s constant, G = 0.671 × 10−38 GeV−2 =
(1.22 × 1019 GeV)−2 ≡ (
√
8πMPl)
−2 for gravity. This inexplicably large separa-
tion between the Planck scale, MPl, and the weak scale, Mw, is the so-called gauge
hierarchy problem [103].
Why is it a problem? The radiative corrections to the Higgs boson mass are
quadratically divergent and sensitive to the ultraviolet cutoff scale of the particle
physics theory, MUV, and thus drive the bare Higgs mass to a very large value,
unless MUV is closer to Mw. However, if MUV is not much higher than Mw, one
may wonder why MPl is much higher than MUV, i.e., gravity is so weak.
1
1In supersymmetric theory, radiative corrections are only logarithmically divergent. If the su-
persymmetry breaking scale is close to Mw, e.g., ∼ 1 TeV, it solves the gauge hierarchy problem;
however, one still needs to understand the reason why MPl and the symmetry breaking scale are
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Dvali recently proposed a simple but radical solution to the hierarchy problem
[4, 105]. He does not use technicolor or supersymmetry, but uses the black hole
physics to show that any consistent theory that includes NZ2-conserved species of




in a large-N limit.2
Therefore, according to Dvali’s solution (see also [106]), gravity is weak be-
cause there are N species of the quantum fields beyond the Standard Model with
mass Λ = O(TeV), as well as a discrete ZN2 -symmetry, with N ∼ 1032. An example
of this scenario is the celebrated large-extra-dimensions solution to the hierarchy
problem [107, 108, 109] (see also [110, 111] in the context of String Theory), in
which N ∼ 1032 Kaluza-Klein particles of mass ∼ 1 TeV would appear.
Can we construct a cosmological model that is consistent with Dvali’s so-
lution to the hierarchy problem? In particular, can we still construct a successful
inflationary scenario, in the presence of such an extremely large number of extra
species at the TeV scale?
In this chapter, we show that Dvali’s proposal is consistent with inflation
only when at least one of the followings is tightly fine-tuned: the inflaton mass,
mσ, vacuum expectation value, 〈φ〉 ≡ v, or non-minimal coupling parameter, ξ.
While we consider only single field inflation models, our argument can be extended
to a multi-field case in a straightforward manner. Here, φ denotes the inflaton
field and its mass is given by the shape of the inflaton potential at the minimum;
∂2V (φ)/∂φ2|φ=v ≡ m2σ.
so different, i.e., the µ-problem [104].
2The reference [4, 105] uses the Planck mass, mPl ∼ 10
19 GeV, while we shall use the reduced
Planck mass, MPl ∼ 10
18 GeV.
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Our argument is based exclusively on reheating of the universe after inflation.
Even if we do not know details of interactions between the inflaton and matter sector,
we do know that there must be decay channels via gravitational interactions, which
give the lower bound of the inflaton decay rate.
The existence of a large number of quantum fields with mass, Λ ∼ 1 TeV, will
enhance the decay rate of the inflaton field byN ∼ 1032. Such a drastic enhancement
of the decay rate ought to affect reheating after inflation.
We shall take a particular point of view when we study implications of Dvali’s
proposal. In general, one may consider two cut-off scales: one for the particle
physics, MUV, and the other for gravity, Mgrav, which may or may not be the same.
In our analysis, we shall assume MUV ∼ Λ and Mgrav  Λ. This assumption allows
us to analyze the gravitational inflaton decay in the semi-classical limit, without
worrying about quantum gravitational effects.
The chapter is organized as follows. In Sec. 4.2 we discuss generic properties
of the enhanced decay of inflaton. We especially consider f(φ)R gravity as an
example. In Sec. 4.3 we discuss specific models with V (φ) = λ4 (φ
2 − v2)2. In
Sec. 4.4 we study reheating via pair annihilation of inflatons and compare that to
the gravitational decay. For concreteness, we shall consider single-field inflation
models, and assume Λ ∼ 1 TeV and N ∼ 1032 throughout this chapter unless stated
otherwise. We work with the metric signature (−+ ++).
4.2 Enhanced gravitational decay of inflaton
In theories with non-minimal couplings between the Ricci curvature and scalar fields,
e.g., supergravity, R2 gravity, scalar-tensor gravity, and higher dimensional gravity
theories, inflaton fields can decay via gravitational effects.
67





where C is a model-dependent fudge factor. Although the gravitational decay rate
is suppressed by the Planck scale, the large number of species, N , would compensate
it. One usually takes N ∼ 102 − 103 and NC ∼ O(1).
In Dvali’s scenario, N ∼ 1032, and M2Pl is bounded from below by Eq. (4.1).





When Dvali’s bound is saturated, the decay proceeds very fast and produces radia-
tion3 and entropy in the universe efficiently.
But, what if the decay is too efficient, and too much radiation is produced?
This is the argument that we shall use throughout this chapter.
The most conservative, and model-independent constraint on Dvali’s pro-
posal can be obtained by the following argument: at any epoch during or after
inflation, the energy density of the universe must not exceed the Planck energy
density.
If the energy density of inflaton during inflation is less than the Planck en-
ergy density, ρinf < M
4
Pl, energy conservation demands that the energy density of
radiation must also satisfy ρrad < ρinf < M
4
Pl.
The expansion rate of the universe during reheating roughly equals the to-
tal decay rate of inflaton, H(trh) ∼ Γtot & Γgrav. From the Friedmann equation





. ρrad < M
4
Pl. Solving this
3The “radiation” may contain both visible and hidden sectors.
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This constraint is not very interesting in the conventional scenario in which
NC ∼ O(1), e.g., mσ < 1018 GeV.
However, in a large-N limit, say NC ∼ 1030, the constraint becomes very
tight: mσ < 10
8 GeV ∼ 10−10MPl, which is significantly tighter than the usual
fine-tuning of the inflaton mass, mσ ∼ 10−6MPl, for a successful chaotic inflation
model with V (φ) = m2σφ
2/2. Therefore, Dvali’s proposal is consistent only when
the inflaton is very light, significantly lighter than the conventional case. While
mσ is fined-tuned with respect to MPl (or Mgrav), it would be natural to have
mσ ∼MUV ∼ O(TeV) whose value is consistent with Eq. (4.4).
A more powerful constraint comes from the expansion rate of the universe
during inflation, Hinf . The energy density of inflaton during inflation is related




inf . Energy conservation then





which yields a bound on the gravitational decay rate, Γgrav <
√
3Hinf .
This bound may also be found as follows: since the expansion rate decreases
as inflation ends, the expansion rate during inflation, Hinf , is greater than that
during reheating: Hinf > H(trh) ∼ Γtot & Γgrav. We can use this inequality to
constrain Γgrav, if we know what Hinf is.
How do we constrain Hinf observationally? The amplitude of primordial












where ∆2h(k) and ∆
2
R(k) are the dimensionless power spectrum of tensor and curva-
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ture perturbations, respectively [112]. The current observational constraint on the
tensor-scalar ratio, r ≡ ∆2h(k)/∆2R(k), is r . 1, and the curvature perturbation is
of order ∆2R(k) ∼ 2× 10−9 [113, 64].











Note that this limit is also fairly model-independent, and makes the fine-tuning of
the inflaton mass even tighter.
As this constraint is insensitive to the precise value of r or ∆2R, the future
observations of the B-mode polarization of the cosmic microwave background, which
would reach r ∼ O(10−2), will not improve the constraint significantly.
One can obtain even tighter constraints by considering the following limit on
the reheating temperature,
1 MeV . Trh . 10
8 GeV,
where the lower bound comes from the successful primordial nucleosynthesis and
the upper bound comes from the requirement that thermal overproduction of grav-
itino/moduli be avoided [114, 115, 116]. While the lower bound on the temperature
must be satisfied for any models4, the upper bound is a model-dependent limit.
Therefore, this limit is not as generic as the previous two limits. Nevertheless, the
resulting constraint on the inflaton mass is the strongest, as we shall show below.






, where we have used the Friedmann equation and
4Here, we assume that N -species fields are unharmful and cascade into radiation in the visible
sector, or stable dark matter particles, eventually. If N -species fields are long-lived, the reheat







−1/2, where Γσ is the total decay rate of
inflaton and ΓN is that of N -species fields. Long-lived, but unstable, N -species fields might cause
problems, in a way similar to the late decay of moduli [115].
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and the above limit on Trh from the nucleosynthesis and gravitino/moduli problem
yields





< 106.3 GeV, (4.8)
which can be tighter than Eqs. (4.4) and (4.6), depending on C.
Even if the decay process is dominated by non-gravitational ones (i.e. direct
interactions), the upper bound is still valid, as the gravitational decay channel gives
the minimal decay rate. The lower bound is a necessary condition to reheat the
universe after inflation mainly by gravitational decay of inflaton.
At the earlier stage of reheating, there may be non-perturbative decay of
inflaton via preheating, depending on the magnitude of direct interactions. Our
argument is valid even after preheating, if any, as the gravitational decay channel
gives the minimal decay rate in any case.
Here, we have used a simple, but rather crude, argument to make the main
point of this chapter. There is still one unknown quantity, C, which depends on
specific models. How do we determine C? We shall present more concrete models
in the following sections.
4.2.1 Decay induced by f(φ)R gravity
In this section we use C that we have derived in [2].
Almost all candidate theories of fundamental physics that involve some com-
pactification of the extra spatial dimensions are expected to yield f(φ)R term, in-
stead of the Einstein-Hilbert term, in the action, the form of f(φ) depending on
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models.
The gravitational decay rate of inflaton into all the species that could have














, f ′(v) ≡ ∂f/∂φ|φ=v, and v ≡ 〈φ〉
is the vacuum expectation value of φ. Here, N -species fields are scalars that are
minimally coupled to gravity with a single mass scale, Λ, and Λ mσ.5 Of course,
all the fields do not need to have exactly the same mass, and our argument still
applies when they have a moderate mass spectrum.











To make the constraint on mσ slightly more general, let us parametrize N
in terms of α as α ≡ NΛ2/M2Pl . 1. In order to solve the hierarchy problem with
Dvali’s argument, α ∼ 1 is required. Note that the minimum of this parameter is
given by αgrav = Λ
2/M2Pl, which represents weakness of gravity for particles with
mass of Λ.
Assuming a typical value of |f ′(v)| ∼ MPl, we find that the inflaton mass
must be tuned to be smaller than 108α−1/3 GeV. This constraint is most stringent
when the hierarchy problem is solved (i.e. α ∼ 1).
One may reverse the argument by taking the inflaton mass to be a typical
value of chaotic inflation, mσ ∼ 1012 GeV, which limits f ′(v) as F1(v)/MPl ∼
|f ′(v)|/MPl < 10−6α−1/2, i.e., f ′(v) must be fine-tuned.
5While we consider scalar matter (bosons) only, one can calculate C for fermions as well. How-
ever, the gravitational decay channel to those light (compared to inflaton) fermions is suppressed
by their mass, as massless fermions are conformally coupled to gravity[2].
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For |f ′(v)| ∼ MPl, mσ < 107α−1/3 GeV. For mσ ∼ 1012 GeV, F1(v)/MPl ∼
|f ′(v)|/MPl < 10−7.5α−1/2.
The limit on the reheating temperature [Eq. (4.7)] yields even stronger con-
straint [Eq. (4.8)]:








For |f ′(v)| ∼ MPl, the upper limit on the mass is mσ < 106.8α−1/6 GeV. For
mσ ∼ 1012 GeV, F1(v)/MPl ∼ |f ′(v)|/MPl < 10−8α−1/4.6
In summary, we have confirmed that, using a physically motivated form of C,
Dvali’s large-N species solution to the hierarchy problem demands tight fine-tuning
of mσ or f
′(v). But, how bad are these fine-tunings?
4.3 Worked example: Ginzburg-Landau potential
The precise values of mσ and f
′(v) depend on models. We shall study this point in











f(φ) = M2Pl + ξ(φ





6The upper limit is identical to Eq. (18) in [2], when α ∼ 10−32.
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where the form of f(φ) is a popular non-minimal coupling7 with the condition,
f(v) = M2Pl, that recovers General Relativity after inflation [2, 77, 84].
The form of V (φ) is also a popular Ginzburg-Landau-type potential. There-
fore, our example is not exotic or peculiar; on the contrary, this is one of the best
studied case, and therefore we hope that this example helps ones understand better
how much fine-tuning is required by Dvali’s solution to the hierarchy problem.
We now consider what happens when inflaton leaves the slow-roll regime,
and begins to oscillate around its potential minimum. The inflaton quanta from the
oscillations decay into relativistic N species at least perturbatively and gravitation-
ally. The inflaton mass is given by the curvature of potential around the minimum,
m2σ ≡ ∂2V (φ)/∂φ2|φ=v = 2λv2.
We use the most conservative (probably overly conservative) limit on the
radiation energy, ρrad < M
4
















which is extremely tight, compared to the existing constraints from inflation [76,
83, 79, 81, 84, 88, 86, 87, 90]. In fact, this limit excludes most of the parameter
space allowed by the WMAP 3-yr data. One can find even stronger constraints
by considering the expansion rate during inflation, or the limits on the reheating
temperature from the gravitino/moduli problem.
It follows from Eq. (4.12) that it is difficult to avoid fine-tuning of one pa-
rameter without fine-tuning the other parameters. Either λ, ξ, or v/MPl, or perhaps
all of them, need to be fine-tuned for the large-N species solution to the hierarchy
problem to be consistent with inflationary cosmology.
7In our notation, the conformal coupling corresponds to ξ = −1/6.
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4.4 Reheating by pair annihilation of inflatons
So far, we have studied implications of the gravitational decay of inflatons enhanced
by the existence of large-N species. In deriving Eq. (4.2), we assume that inflatons
decay intoN -species fields via an effective trilinear vertex, Lint ∝ σχχ, which couples
inflaton quanta, σ, to a pair of N species, χ. However, what if such a coupling is
forbidden by the symmetry of the inflaton field? Are there any other channels to
reheat the universe after inflation?
In theories of f(φ)R gravity, the effective interaction Lagrangian is given
by the Taylor series expansion of f(φ) around the vacuum expectation value of φ,




















σ3U(χ) + . . .
]
+ . . . , (4.13)
where U(χ) is the scalar field potential, e.g., U(χ) = m2χχ
2/2 + λχ4/4 + . . . , and









Note that one can also derive the interaction Lagrangian for fermions systematically
in a similar manner.
The first terms in Lint that are proportional to f ′(v) yield the decay of σ
with the rate given by Eq. (4.9), whereas those proportional to f ′′(v) and [f ′(v)]2
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yield the pair annihilation.
Now, let us imagine that the first derivative of f(φ) vanishes at the vacuum
expectation value, f ′(v) = 0, which will shut off the decay channel. We also assume
that χ are massive free fields, U(χ) = m2χχ
2/2. The interaction Lagrangian at the











which may also be written in the form of ĝ2σ̂2χ2 (after some integration by parts and














2 ) is the square of the total initial 4-
momentum of incoming inflaton quanta. We must cannonically normalize inflaton
quanta as σ̂ ≡ σ
√
1 + 32(f
′(v)/MPl)2. We calculate the annihilation cross section































where nσ = ρσ/mσ ' 3M2PlH2rh/mσ is the number density of inflaton quanta. In
deriving Eq. (4.17) we have assumed mχ  mσ. The relative velocity, vrel, is given
by vrel = 2
√
1− 4m2σ/s in the center of mass frame. Finally, the average of s, 〈s〉,
is bounded from below, 〈s〉 ≥ 4m2σ, where the equality is satisfied when the inflaton
quanta are at rest. While we expect them to be non-relativistic at the beginning of
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reheating, 〈s〉 ∼ 4m2σ, we keep the inequality explicitly in the following discussion.
In order for annihilation to be efficient during reheating, the annihilation















which is a rather weak lower bound on 〈s〉/4mσ, which is approximately equal to
mσ in the non-relativistic limit, for N ∼ 1032. Therefore, the presence of large-N
species makes annihilation very efficient.











where the approximate equality is satisfied when inflaton quanta are non-relativistic.
We therefore find that the annihilation channel is not necessarily smaller than the










Thus, there is a critical number density above which the annihilation channel dom-









For f(φ) = M2Pl + ξ(φ










We have studied consistency between Dvali’s large-N species solution to the gauge
hierarchy problem and inflationary cosmology.
If there exist the large-N species, the inflaton quanta decay or annihilate
too efficiently, and reheat the universe too much. We have found that, in order
for this scenario to produce successful reheating of the universe, either inflaton
mass, vacuum expectation value, or non-minimal gravitational coupling, or all of
them, must be fine-tuned to suppress the gravitational decay and annihilation of
the inflaton quanta.
We have shown that fine-tuning of an extreme magnitude, Eq. (4.12), is
required by using a widely-studied example. The constraint we have found indeed
excludes most of parameter space of the model. This example demonstrates that one
must always check whether reheating is successful, whenever their models contain
non-minimal coupling, such as f(φ)R gravity.
One may repeat the same analysis for supergravity inflation models [102,
3, 117, 118] that contain not only non-minimal gravitational coupling (the Kähler
potential determines the function f(φ)), but also direct coupling terms in the super-
gravity frame. However, as supersymmetry alone is able to solve the gauge hierarchy
problem (albeit µ problem still remains), it seems difficult to motivate our having
both supersymmetry and large-N species (see, however [119]).
Finally, let us point out the limitation and caveat of our analysis.
The constraints given in this chapter are based exclusively upon non-minimal
gravitational couplings of inflaton. Therefore, if the non-minimal coupling is totally
absent, f(φ) ≡M2Pl, or matter fields are conformally coupled to gravity (e.g., mass-
less scalars with ξ = −1/6, massless fermions, etc), both classically and quantum
mechanically, reheating of the universe must be achieved by direct couplings be-
tween inflaton and matter fields. Our limits on Dvali’s scenario do not apply to
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such cases.
We have assumed that the cut-off scale for gravity is much higher than that
for the particle physics, Λ, and thus ignored quantum gravitational effects on the
decay rates. It would be interesting to extend our analysis to the case where the




Oscillation Phase after Inflation
5.1 Introduction
What happened right after inflation? Though the inflaton field eventually decays
and transfers its energy to thermalize the Universe, the detailed process is still in the
secret. If the inflation is driven by massive free or weakly interacting fields, the fields
are going to oscillate about a local minimum of the potential. The homogeneously
oscillating energy fragmented rapidly or gradually, cascading down to create various
particles and quanta. This intermediate period is called the coherent oscillation
phase and the equation of state of the universe becomes dust-like. The universe
reheats during this unrevealed period.
In the standard inflation scenario the primordial curvature perturbations
were generated during inflation and became the seed for the inhomogeneity seen to-
day. This fluctuation is observed to follow nearly Gaussian statistics. Theoretically
all single-field inflation models produce almost Gaussian signals [121, 122, 123].
The primordial curvature perturbations freeze in at the Hubble horizon exit and
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conserves its amplitude until the subsequent horizon re-entry. This holds whatever
happens while adiabatic fluctuations are outside the Hubble radius [124]. The fact
that the primordial curvature perturbations conserve their amplitude makes infla-
tion scenario very powerful and predictable; however, a flip side of this is that no
one can know what happened after inflation before radiation epoch by analysing
large-scale inhomogeneities on the sky.
However, if the fluctuation is generated by some other field than inflaton, then
it can be very non-Gaussian [125, 126]. Non-Gaussianity and non-linearity in multi-
field inflation models are studied by many authors (see, for instance, [127, 128, 129,
130]). The mechanism on producing large non-Gaussian curvature perturbations
always involves the existence of entropy perturbations on large scales.
Previous studies on the non-Gaussianity in the multi-field inflation models
have mostly used the so-called δN formalism [131, 132, 124, 127], which is geomet-
rically transparent, but the evolution of curvature perturbations is obscure. We
use the nonlinear, covariant, and gauge-invariant formalism for multi-scalar fields
[129] to solve the evolution of curvature perturbations on large scales explicitly, and
apply it to non-Gaussianity from the two-field inflation and the coherent oscillation
phase. An advantage of the covariant formalism is that it is physically transparent
and relatively easy to carry out numerical analysis.
We present the first, detailed comparison between the two formalisms in case
of a two-field inflation model with a large mass ratio. With this model Vernizzi and
Wands [133] and Yokoyama et al. [134] used the δN formalism, while Rigopoulos
et al. [135] solved equations of motion for large scale curvature perturbations. Their
results seem to actually agree qualitatively but not quantitatively. We show that the
two approaches agree exactly, although these two approaches are radically different
in the ways that they treat the evolution of fluctuations.
The organization of this chapter is as follows. In Sec. 5.2, we define a non-
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linear curvature perturbation and explain its time evolution on super-Hubble scales
based on a covariant formalism. We briefly review the δN formalism in subsec-
tion 5.2.4. Non-Gaussianity is defined and its transfer function is derived in sub-
section 5.2.5. In Sec. 5.3, we describe our model for two-field inflation and coherent
oscillation. Our detailed numerical analysis shows that the δN formalism and an
approach to solve evolution equations match precisely. An application to preheating
models is discussed in Sec. 5.4. We conclude in Sec. 5.5. We use the unit ~ = c = 1
and 8πG = M−2Pl = 1 unless otherwise stated.
5.2 Non-Gaussianity of Entropically Generated Curva-
ture Perturbations
In this section we review generation and evolution of primordial fluctuations for
(scalar) fields and metric perturbations. We will explain how entropy modes con-
vert into the curvature perturbations during and after inflation. We assume that
the universe completely thermalizes at the epoch of reheating; no residual entropy
perturbation remains in the radiation era.
5.2.1 Non-linear curvature perturbation
The flat FRW metric with linear scalar perturbations is given by
ds2 = −(1 + 2A)dt2 + 2eα(t)B,idtdxi + e2α(t)[(1− 2ψ)δij + 2E,ij ]dxidxj , (5.1)
where α(t) = ln[a(t)] in terms of the usual scale factor a(t), and two of the four
scalar metric perturbations, A, B, ψ and E, can be eliminated by specific gauge






where (3)R is the spatial intrinsic curvature scalar seen by comoving observers (on
comoving hypersurfaces, where T 0i ∝ δφ = 0 in single-field models). The value
of ψ depends on a choice of observers (spatial hypersurfaces). Under a temporal
gauge transformation t → t + δt, ψ transforms as ψ → ψ + Hδt [136]. Therefore,
ψA − ψB = Hδt between slices A and B. If one of the slices has uniform φ and the
other is flat (ψ = 0), the linear curvature perturbation on comoving hypersurfaces
is given by
R ≡ ψ + H
φ̇
δφ, (5.3)
where the right hand side is evaluated on a generic slice. For multi-field models
it is more useful to consider the linear curvature perturbation on uniform density
hypersurfaces,
ζ ≡ −ψ − H
ρ̇
δρ. (5.4)
The sign convention of gauge-invariant variables depends on literature (see Ap-
pendix A). It is known that on super-Hubble scales three hypersurfaces coincide:
uniform density, uniform Hubble, and comoving hypersurface [124]. It is also known
that ζ is conserved on large scales if pressure is a unique function of energy density.
On super-Hubble scales one can generalize the spatial part of the metric (5.1)





where all the inhomogeneities are in ψ(t,x). This expression is valid on a generic
time-slice. On a uniform energy density time-slice, one may replace this with
−ζ(t,x) [121, 137]. Let us define the non-linear curvature perturbation on the
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uniform density slices as [124, 129]






where −ψ(t,x) = δα = α(t,x)− ln [a(t)], and H = α̇. A dot denotes a Lie derivative
along the 4-velocity uµ, for instance ρ̇ ≡ uµ∇µρ, which is equivalent to an ordinary
derivative for scalar quantity but careful treatments are needed when expanding to
perturbations. The right hand side is evaluated on a generic time slicing. We will
expand this formula up to the second order perturbation to study the leading order
contribution to non-Gaussianity.
5.2.2 Evolution of curvature perturbation on large scales
In the following, all perturbed equations and quantities are valid only on super-
Hubble scales, i.e., all gradient terms are ignored. Anisotropic stress of the cosmo-
logical fluid is negligible within this approximation. This can be verified in specific
cases: if the fluid consists of gases and scalar fields, the anisotropic stress is at the
second order in gradient expansion [124]. The time evolution of the non-linear cur-
vature perturbation on all scales in the multiple scalar-fields-dominated universe is
given by [129].
Using the non-linear conservation equation, uν∇µTµν = 0, on large scales
one gets
ρ̇ = −3α̇(ρ+ p) = −3(H − ψ̇)(ρ+ p), (5.7)
where H = H̄ = ȧ/a. On large scale uniform energy density time-slices, ρ = ρ̄, and
−ψ = ζ as defined in Eq. (5.6). Hence one obtains







where ˙̄ρ = −3H(ρ̄+ p̄) is used. According to the equation above, ζ will be constant
if the pressure perturbation δp on uniform energy density hypersurfaces (the non-
adiabatic pressure perturbation) is negligible. This expression is valid on non-linear
orders in perturbations.
Multiple scalar field dynamics
We consider an N -scalar field model for inflation and the coherent oscillation phase.














µϕI − V (ϕ1, · · · , ϕN )
]
, (5.9)
where kinetic terms are canonically normalized and the potential may not be sepa-
rable.
For simplicity, we shall assume a homogeneous flat Friedman-Robertson-
Walker background spacetime
ds2 = −dt2 + a2(t)dxidxi. (5.10)
The scalar field and the averaged Einstein equations govern time-evolution of the
universe during inflation, coherent oscillation, and possibly preheating. They are
given by
ϕ̈I + 3Hϕ̇I −
∆
a2










where ϕ1 = φ, ϕ2 = χ, and VϕI = ∂V/∂ϕI . The components of the energy momen-
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tum tensor are given by
























− V (ϕI), (5.14)















where we have chosen a unit time-like vector field as ūµ = (−1, 0, 0, 0).
Adiabatic and entropic perturbations
In the following sections we will take N = 2, i.e., double-field model. The extension
to models involving more fields is straightforward and shows no new qualitative
feature.
In two-field models one can define linear adiabatic and entropy perturbations
as [138]
δσ(1) ≡ cos θδφ+ sin θδχ, (5.17)















Figure 5.1: The decomposition of a perturbation into adiabatic (δσ) and entropy
(δs) directions.
The angle of the background trajectory (see Fig. 5.1) is defined as
tan θ ≡ χ̇/φ̇, (5.19)
cos θ ≡ φ̇/σ̇, (5.20)
sin θ ≡ χ̇/σ̇, (5.21)
σ̇ ≡
√
φ̇2 + χ̇2 =
√
−2Ḣ, (5.22)
ṡ ≡ − sin θφ̇+ cos θχ̇, (5.23)
where we have chosen plus sign for σ̇. The classical equations of motion with this
field redefinition can be written as
σ̈ + 3Hσ̇ + Vσ = 0, (5.24)
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(φ̇Vφ + χ̇Vχ) (5.25)
= cos θVφ + sin θVχ.
The adiabatic field, σ, represents the path length along the classical trajectory and
plays a role of the inflaton field. Its perturbations are along this inflaton direc-
tion and thus called adiabatic perturbations. The entropy field, s, has fluctuations
orthogonal to the background classical trajectory. It is called non-adiabatic per-
turbations or entropic perturbations. Along the classical trajectory, s = constant.
Since ṡ = 0 by definition (5.23), the equation of motion for the entropy field implies
s̈ = − sin θφ̈+ cos θχ̈− θ̇σ̇





where we have used the background equations of motion, ṡ = s̈ = 0. The potential




(φ̇Vχ − χ̇Vφ) (5.27)
= − sin θVφ + cos θVχ.
The classical trajectory is curved in field space if θ̇ 6= 0. When θ̇ = 0, the adiabatic
and entropy perturbations decouple.
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At the second order, we define [129]
δσ ≡ δσ(1) + δσ(2)




δs ≡ δs(1) + δs(2)








Note that δs(1) and δs(2) are gauge invariant, while δσ(1) and δσ(2) are not. The
second order entropy perturbation, δs(2), contains the first order adiabatic pertur-
bation since the adiabatic and entropy fields are defined locally in the covariant
formalism [129]. The first order perturbations are decomposed into adiabatic and
entropy directions with respect to a background trajectory in the field space that
depends only on time. The second order perturbations, on the other hand, are
sensitive to the first order fluctuations of the field trajectory that depends also on
position. The space dependence is dictated to the combination of the first order adi-
abatic and entropy perturbations in the last term of Eq. (5.29) in a gauge invariant
fashion.
Since the second order adiabatic perturbation, δσ(2), is not gauge invariant,
on contrary to δs(2), it is useful to consider an non-linear gauge invariant variable
(on large scales), ζ. On large scales uniform energy density and comoving (uniform
σ) hypersurfaces coincide, thus from Eq. (5.6) we have






where primes have been used for Lie derivatives in order for us to be careful. We will
expand this expression up to the second order in later subsections on both spatially
flat (subsection 5.2.3) and uniform energy density gauges (subsection 5.2.4).
How does ζ evolve in time with decompositions (5.28) and (5.29)? By using
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Eq. (5.8), we can write the second-order evolution equation of ζ in terms of entropy
perturbations, δs = δs(1) + δs(2) [129]. Now on uniform energy density gauge,
δρ = δ(12σ
′2 + V ) = 0, and hence δp = −2δV . Then one obtains
ζ̇ =
2HδV
σ̇2 − 2δV . (5.31)
This equation is fully non-linear on large scales and can be expanded up to the
desired order. With the definitions of δσ and δs up to the second order, we expand
δV as





































On large scales the comoving gauge (δσ(1) = δσ(2) = 0) coincides with uniform
energy density gauge. Thus we obtain
ζ̇(t) = −2H
σ̇









where dots denote time-derivatives with respect to the physical time. If there is
no entropy perturbation on large scales, ζ stays constant after the Hubble-horizon
crossing. Note that the last term is missing in the published version of [129] (cor-
rected in version 3).
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Entropy perturbations up to the second order on large scales follow

































(φ̇2Vχχ − 2φ̇χ̇Vφχ + χ̇2Vφφ) (5.36)




(φ̇3Vχχχ − 3φ̇2χ̇Vφχχ + 3φ̇χ̇2Vφφχ − χ̇3Vφφφ) (5.37)





(φ̇2Vφφ + 2φ̇χ̇Vφχ + χ̇
2Vχχ) (5.38)
= (cos θ)2Vφφ + 2 cos θ sin θVφχ + (sin θ)
2Vχχ,
Vσs = sin θ cos θ(Vχχ − Vφφ) + (cos2 θ − sin2 θ)Vφχ. (5.39)
It is convenient to separate random Gaussian variables (initial perturbations)
and their time evolutions as
ζ(t,x) = ζ∗(x) + δs∗(x)T (1)ζ (t,x) + δs2∗(x)T
(2)
ζ (t,x), (5.40)
δs(t,x) = δs∗(x)T (1)δs (t,x) + δs2∗(x)T
(2)
δs (t,x), (5.41)
where ζ∗ and δs∗ are the initial values at the Hubble-horizon exit. The subscript ∗
denotes a value evaluated at the Hubble-horizon exit. We will solve transfer func-
tions, Tζ,δs, for ζ and δs from the Hubble-horizon exit to the coherent oscillation
phase. During the coherent oscillation phase, scalar fields are distributed homoge-
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neously, and there the synchronicity of time is not broken after inflation. Thus, one
may ignore spatial dependence in transfer functions Tζ,δs(t,x) ' Tζ,δs(t) on large
scales. This is not the case if instability grows exponentially, for instance, preheating
happens. (We have confirmed this explicitly by using a lattice simulation.)
5.2.3 Perturbations from slow-roll inflation
Now let us evaluate ζ∗ at the Hubble-horizon exit, using slow-roll parameters. Since
Vs ' 0, which follows from slow-roll field equations, there is only one slope param-
eter, ε:


























The background slow-roll solution is described by
1
2
σ̇2 = −Ḣ = εH2 ' ε
3
V, (5.44)
θ̇ ' −ησsH, (5.45)
where Vs ' 0. Note that θ̇ = −Vs/σ̇ 6= 0 as σ̇ is slowly rolling. The linear perturba-
tions on large scales obey
˙δσ ' (2ε− ησσ)Hδσ − 2ησsHδs, (5.46)
δ̇s ' −ηssHδs, (5.47)
where δσ is evaluated in spatially flat gauge (ψ = 0).
How about the second order? Adiabatic curvature perturbations on uniform
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energy density hypersurfaces, ζ, can be expanded from Eq. (5.30) to the second
order as [129, 130]
























Its evolution on large scales is governed by Eq. (5.34). If we employ the flat gauge
(−ψ = 0 by definition.), and Taylor-expand the second term in Eq. (5.30) with













where the first order Mukhanov-Sasaki equation has been used. Eq. (5.49) can be
rewritten in terms of slow-roll parameters as [130]












where we have used Eq. (5.47) in Eq. (5.29);





5.2.4 The δN formalism
In this subsection we will show the formula that δN is simply expanded as a Taylor
series with respect to the initial field fluctuations.
According to the δN formalism [131, 132, 124], ζ on large scales is equivalent
to the perturbation of the number of efolds N(tf , ti,x) from an initial uniform
curvature (flat) hypersurface at at t = ti to a final uniform energy density (or
comoving) hypersurface at t = tf . Hence ζ is given by
ζ(tf ,x) = δN(tf , ti,x) ≡ N(tf , ti,x)−N0(tf , ti), (5.52)
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where N is the local number of efolds integrated along the comoving observers;
N(tf , ti,x) ≡
∫ f
i
dτH̃ = ln [ã(tf ,x)/ã(tix)], (5.53)
N0(tf , ti) ≡
∫ f
i
dtH = ln [a(tf )/a(ti)], (5.54)
where N0 is the background value.
To use this formalism we assume the separate universe; after the universe has
been smoothed on the comoving scale much larger than the horizon, the evolution
of local regions (smaller than the smoothing scale) is described by some background
universe. Given a content of the universe, this assumption can be checked by the
gradient expansion method [139, 132].
In inflationary scenarios, one can take ti = t∗ as the time when the relevant
perturbation scales of one or more light scalar fields stretched over more than a
few times the Hubble horizon, H−1 = (k/a)−1. On an initially flat slice, each
field ϕI(t∗,x) can be split into a background value and its perturbation as ϕ̄I(t∗) +
δϕI(t∗,x). One can take tf as the time during or after inflation. Then ζ is given by
[131, 132, 137]
δN(tf , t∗,x) = N [ρ(tf ), ϕ1(t∗,x), ϕ2(t∗,x), · · · ]−N0[(ρ(tf ), ϕ̄1(t∗), ϕ̄2(t∗), · · · )].(5.55)
Now one can expand δN , which is defined on initial uniform curvature hypersurface
and final uniform density hypersurface, up to the second order with respect to field
perturbations at horizon crossing as [127]



















5.2.5 Bispectrum and non-Gaussianity




















where the factor 3/5 comes from the relation during matter domination before hori-
zon reentry, Φ = 3ζ/5 [40]. A famous paper by Maldacena [121] defined fNL with
opposite sign, Φ = −3ζthere/5. Note that the model is based on the slow-roll in-
flation scenario. In evaluating the bispectrum, one has to eliminate uninteresting
constant zero-mode, equivalently, to impose a condition, 〈ζ(x)〉 = 〈ζL(x)〉 = 0.
How do we recast non-linearity in Eq. (5.34) on the non-linear coupling con-
stant, fNL, in order to compare with observational bispectra? The theory in the
previous section tells us that
ζ(1)(t) = ζ
(1)
∗ + δs∗T (1)ζ (t),




































Given solutions of entropy perturbations in each order, T (1)δs (t) and T
(2)
δs (t), one
obtains ζ by (numerical) integration. Since 〈ζ〉 = 0, we shift ζ by a constant
function in space:




T (2)ζ (t), (5.63)
ζ∗ → ζ̃∗,
where 〈ζ̃∗〉 = 0. This shift corresponds to renormalizing a scale factor.
a(t) → ã(t), (5.64)
e2ζa2(t)dx2 = e2ζ̃+2Ca2(t)dx2 = e2ζ̃ ã2(t)dx2, (5.65)
where 2C = 〈δs(1)∗
2



































































NL . Here f
horizon
NL is the non-Gaussianity of ζ∗ and
expected to be slow-roll suppressed, while f transferNL represents the non-Gaussianity
parameter of curvature perturbations generated from entropy perturbations after
the Hubble-horizon exit. In two-field inflation, typically, (H/σ̇)2∗ = 1/(2ε∗) ∼ 20
and T (1)ζ ∼ 5 at the end of inflation. Hence f transferNL ∼ 10−2T
(2)
ζ . This fNL is scale
independent because we have assumed scale-invariant power spectrum for ∆2ζ and




In order to understand f transferNL in detail, we rewrite it in terms of entropy
perturbations as
















































































One can easily see that f ssNL always contributes to fNL in a positive way and cumu-
lates over time unless the entropic mode is tachyonic. Indeed, the second term keeps
growing and become a dominant source of positive contributions to non-Gaussianity
during oscillations of fields. On the other hand, other terms can be both positive
and negative.
Based on the δN formalism in the previous subsection 5.2.4, one can derive











5.3 Two-field Model for Inflation and Coherent Oscil-
lation: Numerical Analysis
Given the formulation above, we compute non-Gaussianity numerically in both the
δN formalism and integrating the evolution of ζ on super-Hubble scales from the
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Hubble-horizon exit to the coherent oscillation phase.
Both formalisms can be applied to the physics of interacting scalar fields
during and after inflation. We employ simple interactions, such as










We do not consider self-interactions except mass terms. In general there would
be other renormalizable interactions like, φχ2, φχ3, derivative couplings, as well as
non-renormalizable terms.
With the potential (5.73), the system could undergo single or double inflation,
coherent oscillation, and preheating. We consider initial slow-roll inflation to the
subsequent coherent oscillations with two light or active scalar fields whose effective
masses are given by meff < 3H∗/2, at the Hubble horizon exit. If one of the scalar
fields is heavy or inactive, meff > 3H∗/2, its vacuum fluctuation does not leave
the Hubble horizon. Also, the heavy field quickly rolls down to its instantaneous
minimum of the effective potential and becomes decoupled from the dynamics of
the rest of active fields.
Although our ultimate goal is to test preheating models by non-Gaussianity,
it is worth scrutinizing the case without interaction in order to obtain insights. In
the following subsections we scrutinize this model without interaction (g2 = 0). In
Sec. 5.4 we comment on the possibility of non-Gaussianity from preheating with
g2 6= 0.
Inflationary attractor initial condition
Inflationary solutions of coupled Eqs. (5.11) and (5.12) are attractor solutions; what-
ever the field values one chooses as an initial condition, the solution flow of the
system quickly approaches to the attractor. We set the initial condition for the
background equations by solving slow-roll equations so that the solution immedi-
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ately reach the attractor. Our simulations last longer than the end of inflation.
Since we are relying on equations valid only on large scales, initial conditions
and parameters for fluctuations must be chosen carefully. Information inside the
Hubble-horizon is not included in the perturbed equations presented in this chapter.
The solution of the Mukhanov-Sasaki equation, which describes the pertur-





















where ν2 = 9/4 −m2/H2 and H(1)ν (x) is a Hankel function of the first kind. Here,
H
(1)
ν (x 1) ≈ −iΓ(ν)(x/2)−2/π is used in the last approximation. This approxima-
tion corresponds to the super-horizon limit, k  aH. Note that τ ≡
∫
dt/a(t) is the
conformal time and lies in −∞ < τ < 0. Note also that the relation −kτ = k/(aH)
is used above.
Since we assumed light scalar fields, ν → 3/2, for which the spectrum is
independent of k. We also assumed that entropy modes must be light at the Hubble-

















〈δs∗(k1)δs∗(k2)δs∗(k3)〉 = 0, (5.78)
where the last equation implies δs
(2)
∗ = 0.
We solve the perturbation equations (5.34) and (5.35) coupled with the back-
ground equations (5.11) and (5.12) from t = t∗ to some time after inflation. We also
solve eight adjacent background trajectories with eight different initial field values,
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e.g., (φ∗ + dφ, χ∗), and then compute the first and second derivatives of the number
of efolds with respect to horizon crossing field values, such as
Nφ =
N(φ+ dφ, χ)−N(φ− dφ, χ)
2dφ
, (5.79)
where dϕI = 10
−4 is chosen. We checked that the results converged with 10−4. For
smaller values of dϕI , numerical noise tends to increase.
5.3.1 Two-field model with large mass ratios
Two-field inflation with quadratic potential is characterized by a single parameter,
a mass ratio R ≡ mφ/mχ. We employ a convention, mI < mI+1, such as mφ < mχ.
In this subsection we re-examine and clarify the primordial non-Gaussianity
from a two-field model with large mass ratios that has been studied in the literature.
Vernizzi and Wands [133] studied two-massive-field inflation with the mass ratio,
mφ/mχ = 1/9, and Yokoyama et al. [134] did with the mass ratio, mφ/mχ = 1/20.
Both of them used the δN formalism and concluded that their result seems to agree
with another approach by [135] that solved perturbed equations for ζ on large scales
with mφ/mχ = 1/12. We will confirm this statement by directly comparing two
approaches.
In this model, we can divide the regime into four: (a) slow-roll inflation
driven by heavier field χ, (b) a sharp or gradual turn, (c) the second slow-roll
inflation driven by lighter field φ, and (d) coherent oscillations of φ at the minimum
of potential. In regimes (a) and (b) both two fields are active, while in regimes (c)
and (d) only lighter field play a role in dynamics.
Case 1: double inflation with mφ/mχ = 1/9
We set the same initial condition as [133]. Initial field values are φi = χi = 13. We
assume that inflation ends at εe = 1 and the number of efolds at the end of inflation
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from the Hubble-horizon exit is Ne = 60. We found that (φ∗ = 12.9281, χ∗ =
8.27202). The perturbed equations are integrated from this time.
The top of Fig. 5.2 shows that a trajectory in the field space. One find a turn
in the field space. At the turn, entropy perturbations source ζ through Eq. (5.34).
Since the entropy mode becomes heavy and decays sufficiently after the turn, it no
longer sources ζ. As shown in the bottom of Fig. 5.2 and Fig. 5.3, ζ and its non-
Gaussianity are generated during the turn, respectively. Both of them shows very
good agreement with two formalisms at the level of . 2%. The hight of the peak
is ∼ 0.22 which agrees precisely in both the δN formalism and the one calculated




How do we understand the shape of non-Gaussianity appeared during the
turn? The cause of the tiny net effect is the precise cancellation between terms
in Eq. (5.34). As shown in the top of Fig. 5.3, f ssNL has the sharpest rise due to
4θ2; and then negative contributions from f sṡNL and f
intrinsic
NL catch up with it. The
value after the turn is given by fNL ∼ 0.007 that consists of f transferNL ∼ 0.005 and
fhorizonNL ∼ 0.002. The value before the turn is completely from f horizonNL ∼ 0.021.
Case 2: double inflation with mφ/mχ = 1/20
We set a similar initial condition as [134]. Initial field values are set to φi = χi = 10,
and we found (φ∗ = 9.99920, χ∗ = 9.68230) by setting Ne = 50.
The similar feature as the case 1 can be found in Figs. 5.5 and 5.6. There
are a few oscillations in a turn. Each oscillation creates a series of peak and dip.
Since the mass ratio is larger, the turn is sharper and leaves imprint on the power
spectrum and bispectrum (through non-Gaussianity). Again, the δN formalism and
transfer function method agree precisely at the level of . 1%. The peak value is














































Figure 5.2: [Top] A trajectory of double inflation with a mass ratio 1:9. [Bottom]









































Figure 5.3: [Top] Evolution of the second order transfer function for ζ. [Bottom]

















Figure 5.4: Evolution of linear entropy perturbations. δs∗ = 10−6 is chosen.
fNL ∼ 0.002.
From above two cases, one can gain some insights of the mechanism to gener-
ate non-Gaussianity around the turn in the field space. The sharper the turn is, the
more non-Gaussianity is peaked. A peak is followed by a dip and erase almost all
the traces. The residual non-Gaussianity remains if the turn is slow enough to allow
the background quantities, such as the expansion rate, change their vales during the
turn.
5.3.2 Two-field model with small mass ratios
Next, we consider the coherent oscillation phase that has two active field. If one
of the fields becomes heavy, the entropy direction is shut off and its perturbations
decays. The subsequent coherent oscillation phase is described by a single field. In








































Figure 5.5: [Top] A trajectory of double inflation with a mass ratio 1:20. [Bottom]





















































Figure 5.6: [Top] Evolution of the second order transfer function for ζ. [Bottom]























Figure 5.7: Evolution of linear entropy perturbations. δs∗ = 10−6 is chosen.
is generated.
Case 3: inflation and coherent oscillation with mφ/mχ = 1/
√
2
We set the initial field values φi = χi = 10. By setting Ne = 50, one finds (φ∗ =
9.96094, χ∗ = 9.92194).
In this case, as can be seen from the top of Fig. 5.8, there is no clear turn.until
the fields start to oscillate. A small mass ratio implies that the mixing between fields
is large.
The linear power spectra computed by two formalisms agrees very good .
0.1%, while non-Gaussianity shows some discrepancy . 18%. The value of fNL
is very small ∼ 0.007 − 0.009 and dominated by the contribution from f horizonNL .
The inaccuracy comes from the leading order slow-roll approximation. If we iterate
slow-roll approximation to higher orders, accuracy should be improved.
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Where are peaks and dips in fNL? As seen in the top of Fig. 5.9, the terms
in the second order ζ are produced and hence a series of peak and dip in total. We
cannot see this feature in the bottom of Fig. 5.9 because the number of efolds is
chosen as the time variable. Indeed, one can find the peak and dip feature if he/she
chooses the characteristic time of oscillation as a time variable (Fig. 5.11).
Case 4: double inflation and coherent oscillation with mφ/mχ = 1/4
Initial field values are set to φi = χi = 10. One finds (φ∗ = 9.98949, χ∗ = 9.83260)
by setting Ne = 50.
This case has a turn in the field space, and thus coherent oscillation is almost
dominated by the single-field. In top of Fig. 5.9, a huge cancellation in ζ (2) happens
and leaves no signature in fNL. Thus in the single-field limit, there is no net effect
on non-Gaussianity during the coherent oscillation phase. This has also happened
in cases (a) and (b).
5.4 Preheating and Non-Gaussianity
Entropy mode amplification and suppression
In this section, we turn on the interaction of fields in Eq. (5.73). The importance of
preheating in our context is the parametric amplification of entropy perturbations
due to the time dependent effective mass,






2 + g2(φφ̇− χχ̇)2
]
+ 3θ̇2, (5.80)
where θ̇ is given by Eq. (5.26). Without resonant interaction, the coherent oscillation
phase cannot produce sizable non-Gaussianity because entropy modes are suppressed
after inflation as we have seen in the previous section. It is easy to imagine the



































Figure 5.8: [Top] A trajectory of double inflation with a mass ratio 1:
√
2. [Bottom]








































Figure 5.9: [Top] Evolution of the second order transfer function for ζ. [Bottom]






























Figure 5.10: Evolution of non-Gaussianity, fNL, as a function of N (top) and the






















Figure 5.11: Evolution of linear entropy perturbations. δs∗ = 10−6 is chosen.
the curvature perturbations on large scales very efficiently. Will this really happen?
Let us consider the case where mφ = 0 for simplicity. Now χ field is expected
to be the inflaton whose field value during inflation is large. On the other hand,
φ becomes very massive through the interaction as µ2s = g
2χ2∗ ∼ 100g2M2Pl. As
a result, the φ field is pinned down to the local minimum and decouples from the
dynamics until inflation ends. If one ignores the expansion of the universe during the
coherent oscillation phase, the evolution equation of the k-mode, φk = δφk = δsk,
can be approximated by the Mathieu equation [7, 98]







































Figure 5.12: [Top] A trajectory of double inflation with a mass ratio 1:4. [Bottom]












































Figure 5.13: [Top] Evolution of the second order transfer function for ζ. [Bottom]



















Figure 5.14: Evolution of linear entropy perturbations. δs∗ = 10−6 is chosen.
where









and a prime is a derivative with respect to mχt. χ0 is the inflaton field value at the
end of inflation or at the beginning of preheating. The q-parameter characterizes
the strength of preheating from the resonance bands of the Mathieu chart.
If φ field is massive, mφ 6= 0, and the expansion of the universe is not ignored,
modes move through the resonance band. The q-parameter needs to be large, q  1,
to have efficient parametric resonance [98]. A small coupling constant, g2  1, and
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large q are possible as mχ  χ0 ∼ 0.5MPl. However,
µ2s = g





Thus, φ field is effectively heavier than χ field for having efficient preheating, and
ultra heavy during inflation. The heavy field’s vacuum fluctuation decays very
quickly during inflation, leaving no signature on non-Gaussianity if entropy modes
are not amplified enormously.
After all, one needs a lattice simulation to tell whether entropy perturbations
are amplified or not.
5.5 Conclusion
We have re-examined the primordial non-Gaussianity from multi-field inflation by
taking two approaches: the δN formalism and solving perturbed equations of motion
for curvature perturbations on large scales. The results agreed exactly in the case of
two-field inflation with large mass ratios. The peak feature appears on fNL at the
turn in the field space, which can be understood as the precise cancellation between
terms in the evolution equation of ζ (5.34). Note, however, that we have made the
leading order slow-roll approximation in integrating the evolution of ζ while we have
not approximated for the δN approach. Therefore, the agreement has its limitation
at the accuracy of the leading order slow-roll approximation at the horizon exit. Our
analysis confirms validity of the δN formalism to apply to (almost) any situation.
It allows us to interpret non-Gaussianity computed from the δN formalism as a
constraint from geometry.
As a result, the net contribution to non-Gaussianity in a two-field model is
slow-roll suppressed. Observationally if fNL is detected, a large class of two-field
models may be ruled out.
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Let us mention the relative merits of integrating the evolution of ζ on large
scales. This approach requires only a single realization in the simulation; statistical
properties are taken into account in the formulation. It will significantly save a lot
of computational time, which requires many realizations with the δN formalism.
The coherent oscillation phase in multi-field inflation shows a qualitatively
different feature from that of single-field because of the “kicks” from entropy modes.
The kick leaves its imprint on non-Gaussianity as a series of peak and dip. In the
single-field limit, these series of peak and dip exactly cancelled out and do not leave
any imprint.
When the classical trajectory is bending, the generation of net positive fNL
is possible if two conditions are satisfied. (i) A sizable amount of entropy pertur-
bation exists on large scale. (ii) The duration of turns are long enough to change
background quantities.
It still remains to be seen a computation of non-Gaussianity by the transfer




For convenience, we list conventions used in the literature. Note that Komatsu
[142] follows convention of Bardeen [39], while this dissertation follows convention
of Malik and Wands [143] for the first-order metric perturbations.
Misner et al. [52] (on the end-cover) classified sign conventions in general
relativity according to the three signs, (S1, S2, S3), based on
ηµν = [S1]× diag(−1, 1, 1, 1) (A.1)
Rαβγδ = [S2]× (Γαβδ,γ − Γαβγ,δ + ΓαλγΓλβδ − ΓαλδΓλβγ) (A.2)
Gµν = [S3]× 8πGTµν (A.3)
This is the so-called “MTW sign convention”. Note that Rµν = [S2]×[S3]×Rαµαν =
[S2]× [S3]× (Γαµν,α − Γαµα,ν + ΓαλαΓλµν − ΓαλνΓλµα). Misner et al. [52] classified
themselves as (+ + +) convention, which we have employed.
A.1 Metric Perturbations
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Table A.1: Metric perturbations
Paper Bardeen [39] Kodama and Sasaki [40] Mukhanov et al. [144]
ηµν −+ ++ −+ ++ +−−−
MTW + + + + + + −+ +
N̄ S a a










































Book Weinberg [141] Liddle and Lyth [62] Mukhanov [136]
ηµν −+ ++ −+ ++ +−−−
MTW +−− + + + −+ +
N̄ 1 a a
δg00 −E −2a2A 2a2φ







δgV0i aGi −a2BVi a2Si
δgVij a







Paper This Thesis Malik and Wands [143] Bartolo et al. [145]
ηµν −+ ++ −+ ++ −+ ++
MTW + + + + + + + + +
N̄ 1 a a





2(−ψδij + E,ij) 2a2(−ψδij + E,ij) a2(−2ψδij +Dijχ)
δgV0i − −a2Si a2ωi












B.1 Spherical Bessel type functions
















where zn(x) can be spherical Bessel functions, spherical Neumann functions, Bessel
functions, and Neumann functions.
Spherical Bessel functions and spherical Neumann functions are related by
yn(x) = (−1)n+1j−n−1(x). (B.2)








for x  1. If n is even, jn(x) ≈ ±j0(x) and yn(x) ≈ ±y0(x). If n is odd, jn(x) ≈
±y0(x) and yn(x) ≈ ±j0(x). The first and second kinds of spherical Hankel functions
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are defined as
h(1)n (x) = jn(x) + iyn(x), h
(2)
n (x) = jn(x)− iyn(x). (B.4)













































































Gravitational Inflaton Decay via
Trace Anomaly
The inflaton field, φ, couples to the matter fields via the trace of the energy mo-






















where v is the vacuum expectation value of inflaton field.1 Here indices f , s, and
V run through massive fermion, scalar, and vector field species, respectively. F aµν =
∂µA
a
ν − ∂νAaµ + gfabcAbµAcν is the SU(n) gauge field strength tensor, and g and β(g)
are the gauge coupling constant and its Gell-Mann-Low β-function respectively. In
this Appendix, we calculate the decay rate of scalar fields into gauge fields, Aaµ, via
the gravitational decay formulated in chapter 3. (We have decays into scalars, χ,
and fermions, ψ, in chapter 3.) To calculate the β-function, we include only the




fermion loops, just for simplicity. The other loops due to s, V , and/or other gauge
fields should yield the results of the same order of magnitude. In an SU(n) gauge
theory with fermions in the fundamental representation, the β-function is given by











where nf is the internal quantum number of fermion species. This is the fermionic
1-loop correction to the effective action. The higher order loops and charged bosonic
loops also modify the coefficients of the β-function.
The transition matrix amplitude for φ→ 2Aaµ via the fermionic 1-loop is













Tr(/s+m)γµta(/s+ /k +m)γνtb(/s+ /q +m)
(s2 −m2 + iε)((s+ k)2 −m2 + iε)((s+ q)2 −m2 + iε)






′)tatbIµν(k, k′) + ε∗µ(k
′)ε∗ν(k)t
btaIµν(k′, k)] +M3,
where the factor of 2 represents the triangle diagrams with opposite charge current
(or internal momentum) directions, gf is a (direct or induced) coupling constant
between φ and an intermediate fermion particle, and m ≡ mf is the mass of the
intermediate particle. We have used the Feynman slash notation for 4-momentum,
/q ≡ γµqµ. Note that the diagram, M3, is peculiar to non-Abelian gauge fields; it
does not exist for Abelian gauge fields. For instance, the pair annihilation process,
ψ̄ + ψ → g + g, possesses three tree-level diagrams because gluons interact with
themselves, while photons do not. To carry out loop momentum integration we













dyx{(1− x)(s2 −m2 + iε) + xy((s+ k)2 −m2 + iε)







dyx{`2 − Λ2 + iε}−3, (C.5)
where
`µ ≡ sµ + kµx+ k′µx(1− y), Λ2 ≡ m2 − µ2x(1− x)(1− y). (C.6)
Here we have used qµ = kµ + k′µ and on-mass shell conditions; k2 = k′2 = 0, q2 =
m2φ ≡ µ2. The numerator in the loop integral is
Nabµν ≡ Tr(/s+m)γµta(/s+ /k +m)γνtb(/s+ /q +m)
= 4mtatb[4sµsν + 2(sµkν + kµsν + sµqν) + kµqν + qµkν
+(−2s · k − k · q − s2 +m2)gµν ], (C.7)
where we have used the γ-matrix algebra;
Tr(odd# γ) = 0, (C.8)
Tr(γµγν) = 4gµν , (C.9)
Tr(γµγνγαγβ) = 4(gµνgαβ − gµαgνβ + gµβgνα). (C.10)
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Shifting loop momentum by Eq. (C.6), one can rewrite the numerator as
Nabµν = 4mtatb[4`µ`ν + 4(kµx+ k′µx(1− y))(kνx+ k′νx(1− y))
−2x(3kµkν + kµk′ν)− 2x(1− y)(2k′µkν + kµk′ν + k′µk′ν)
+2kµkν + kµk′ν + k′µkν
+(2x(1− y)µ2 − µ2/2− `2 − x2(1− y)µ2 +m2)gµν ]
= 4mtatb[2(1− x)(1− 2x)kµkν − 2x(1− y)(1− 2x(1− y))k′µk′ν
+(1− 2x)(1− 2x(1− y))kµk′ν
+(1− 4x(1− x)(1− y))k′µkν
−(1− 4x(1− x)(1− y) + 2x2(1− y))µ2gµν/2 +m2gµν ], (C.11)
























Since the integrals converge, we have evaluated the γ-matrices and loop integrations
in 4-dimension.
The matrix amplitude must be gauge invariant in a given order of pertur-
bation theory. Since non-Abelian gauge invariance is not trivial, we first consider
Abelian gauge field (i.e. U(1) gauge field). In this case,M3 in Eq. (C.4) does not ex-
ist and the generators of symmetry is simply taken as ta = 1. The Ward-Takahashi
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identity implies








In non-Abelian gauge field theory we no longer have the Ward-Takahashi identity,
kµMµν 6= 0. Instead, the weak Ward-Takahashi identity
kµMµνε∗ν(k′) = k′νMµνε∗µ(k) = 0 (C.17)
holds. Note that tatb = tbta + igfabc, where the last term is contained in M3. The
transverse condition for external gauge boson momenta is
ε∗µ(k)k
µ = ε∗ν(k
′)k′ν = 0. (C.18)
The matrix amplitude, therefore, becomes













where we have explicitly shown polarization of gauge fields, λ. A function, I(µ2/m2),








1− 4x(1− x)(1− y)









1− ξxy . (C.20)
Note that in the heavy intermediate particle limit, we have I(ξ → 0) = 1/3, and in
the light intermediate particle limit, I(ξ → ∞) = 0. The decay rate of φ → 2Aµ
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where α ≡ g2/(4π). One can evaluate scalar and vector loop diagrams similarly: the
magnitude of the results should be of the same order as the fermion loop diagrams.





′(v)/MPl)2]1/2 [Eqs. (3.10) and (3.15)]. Note that
the inflaton field φ corresponds to σ̂ in chapter 3. Thus, we obtain































a scale factor all
A scalar (Newtonian) potential perturbation 5
Aµ vector field 3, C
B shift (scalar metric perturbation) 5
c speed of light 2
E scalar spatial metric perturbation 5
fν neutrino energy fraction 2
F (x, P ) distribution function 2
hij tensor metric perturbation 2
H Hubble rate 2,4,5
gµν metric tensor all
g∗ the effective number of relativistic species 2
G Newton’s gravitational constant 2,4




k wave number 2,4,5
kµ 4-momentum C
mPl Planck mass 2
p pressure 2,5
Pµ 4-momentum 2
qµ comoving 4-momentum 2
4-momentum 3,C
Qij solution of the Helmholtz equation 2,A
Rµν Ricci tensor 2
s entropy density 2
Mandelstam variable 4
sµ internal 4-momentum C
S action all
t physical time 2,5
ta generator of SU(n) C
T cosmic temperature all
T-matrix C
Tµν energy-momentum tensor 2,3,5,C
T transfer function 2,5
α(k) stochastic variable 2
γi directional cosine 2
γµ gamma matrix 3,C
Γλµν Christoffel symbol 2,3




δ(D)(x) D-dimensional Dirac delta function all
∆2h(k) dimensionless power spectrum of tensor modes 2,4
ελij polarization tensor 2
Ω relative energy density 2
conformal factor 3
Ωh(k) relative spectral energy density of gravitational waves 2
Πij anisotropic stress 2
ρ energy density 2,4,5
τ conformal time 2
φ inflaton all
ψ curvature perturbation 5
fermion matter field 3,C
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